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ABSTRACT 


Siinplicial  complexes  are  studied  in  their  role  dual  to  convex 
polyhedra,  in  particular,  with  respect  to  shellability  and  diameters. 
The  concept  of  k-decomposability  is  presented  which  both  insures 
shellability  and  limits  the  diameter  of  a simplicial  complex, 
k-decomposability  is  studied  in  relation  to  standard  techniques  used 
in  polyhedral  theory,  and  with  respect  to  topological  properties  of 
simplicial  complexes. 
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CHAPTER  1 


INTRODUCTION 

The  class  of  convex  polyhedra  is  closely  linked  to  the  more 
general  classes  of  cell  complexes  and  particularly  simplicial  complexes. 
Study  of  these  complexes  allows  us  to  dispense  with  geometric  and  con- 
vexity arguments  and  concentrate  more  on  topological  or  combinatorial 
properties  of  polyhedra.  Many  authors — Barnette,  Brugesser,  Danara j , 

Klee,  Mani,  and  Stanley,  to  name  a few--have  employed  cell  and 
simplicial  complexes  to  shed  light  on  such  questions  as  shellability , 
diameter,  and  number  of  faces  of  polyhedra.  In  fact,  two  outstanding 
questions  have  arisen  out  of  such  studies,  namely: 

1)  Are  combinatorial  spheres  shellable? 

2)  Do  combinatorial  spheres  satisfy  the  simplicial  Hirsch 
conjecture? 

For  polytopes — a subclass  of  combinatorial  spheres — the  former  is  known 
to  be  true , and  the  truth  of  the  latter  corresponds  to  a twenty  year 
old  conjecture  in  the  theory  of  linear  programming. 

In  this  thesis,  we  propose  a property  of  simplicial  complexes,  called 
k-decomposability , which  implies  each  of  the  properties  in  questions  1 
and  2,  and  allows  one  more  easily  to  bring  topological  and  combinatorial 
facts  to  bear  in  studying  these  questions.  The  property  of  k-decomposa- 
bility seems  to  behave  nicely  with  respect  to  many  of  the  standard 
tools  used  in  studying  polyhedra  and  simplicial  complexes;  indeed, 
the  thesis  suggests  that  vertex  decomposability — the  most  restrictive 
form  of  k -decomposability — might  be  a property  held  by  all  combinatorial 
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spheres,  a fact  that  would  answer  in  the  affirmative  both  questions  1 •' 

^ { 

and  2 . I 

i 

Chapter  2 of  the  thesis  includes  the  basic  concepts  in  the  theory  | 

I 

of  polyhedra  and  simplicial  complexes,  introducing  shellability , • 

j 

diameters,  Hirsch  conjecture,  and  the  basic  tools  used  in  their  study. 

The  concept  of  duality,  linking  polyhedra  and  simplicial  complexes,  is  | 

developed,  and  many  of  the  ideas  in  these  two  theories  are  linked 

correspondingly. 

Chapter  3 introduces  the  notion  of  k-decomposition  and  vertex 
decomposition  in  its  strong  and  weak  form,  relating  it  to  the  concepts  and 
tools  in  Chapter  II.  It  is  shown  that  k-decomposable  complexes  are 
shellable  and  have  good  bounds  on  their  diameters. 

Chapter  4 presents  several  major  classes  of  complexes,  some  dual 
to  polyhedra  and  some  more  general,  which  are  vertex  decomposable. 

These  include  three  classes  not  previously  known  to  be  shellable. 

The  chapter  concludes  with  some  examples  of  complexes  dual  to  polyhedra 
or  combinatorial  balls  which  are  not  k-decomposable  for  various  k. 

Chapter  5 studies  k-decomposability  as  it  relates  to  algebraic  and 
piecewise  linear  topology.  Necessary  and  sufficient  conditions  are 
established  for  k-decomposition  and  "partial  k-decomposition"  of 
homology  and  piecewise  linear  balls  and  spheres.  Two  interesting 
applications  to  shellings  of  spheres  are  cited. 

Appendix  1 generalizes  a result  given  in  Chapter  3.  Appendix  2 

i 

derives  upper  and  lower  bounds  on  the  diameters  of  general  complexes.  i 

i 

Appendix  3 gives  a restatement  of  the  concept  of  k-decomposability  j 

in  context  of  simple  [lolyhedra.  Appendix  4 relates  the  concept  of 
shellability  to  the  calculation  of  aggregate  probabilities  in  Boolean  systems. 
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CHAPTER  2 


CONVEX  POLYHEDRA  AND  SIMPLICIAL  COMPLEXES 
2.1  Convex  Polyhedra 

A set  A c is  called  affine  if  whenever  x,y  e A and  A e R 

then  Ax  + (l-A)y  e A.  Equivalently,  A is  affine  iff  for  x e A, 
the  set  A-x  = {y-x|y  e A}  is  a linear  subspace  of  The 

dimension  of  A,  dim  A,  is  the  linear  dimension  of  the  unique  set 
A-x,  X t A.  If  S is  an  arbitrary  subset  of  Ir'^  then  the  affine 

hull  of  S,  aft  S,  is  the  unique  smallest  affine  set  containing  S.  - 

A hyperplane  is  a (d-1 ) -dimensional  affine  space  and  can  be  described 
in  the  form 

H = {x  e iP'^  I (P  »x)  = a } 

where  p c IR^\{0},  u f IR.  The  closed  half-spaces  defined  by  H are 

the  sets  \ 

i 

= { X c IR'^  1 (x , p ) > a } i 

H={x'R'^l(x,p)^a}.  I 


A set  C c iR*^  is  convex  if  whenever  x,y  e C and  A c [0,1  J 
then  Ax  + (l-A)y  r C.  Its  dimension,  dim  C,  is  the  dimension  of 
aff  C.  If  C is  convex  then  C has  an  interior  in  aff  C,  called 
the  relative  interior  of  C,  ri  C.  A supporting  hyperplane  to  C 
is  any  hyperplane  H in  which  intersects  C and  one  of  whose 
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closed  half  spaces  contains  C.  A proper  face  of  C is  any  proper 

subset  of  C formed  by  the  intersection  of  C with  a supporting 

hyperplane.  A face  of  C is  any  set  which  is  either  a proper  face 

of  C,  C itself,  or  the  null  set;  denote  by  F(C)  the  collection 

of  faces  of  C.  If  C is  convex,  then  every  face  of  C is  also 

convex  and  hence  has  a well-defined  dimension.  We  call  the  convex 

hull  of  an  arbitrary  set  S ^ IR^  the  unique  smallest  convex  set 

containing  S,  and  denote  it  conv  S. 

Finally,  a polyhedron , or  polyhedral  set , is  any  set  of  the  form 

P = {x  e R*^1Ax  ^b},  where  A is  an  nxd  matrix  and  b an  n-vector. 

P is  a convex  set,  and  we  will  assume  that  its  dimension  is  d,  for 

k 

otherwise  we  can  embed  P by  a linear  map  into  (R  , where  k = dim  P. 

P is  then  called  a d-polyhedron . If  P is  a polyhedron,  then  Its 
face  set  F(P)  is  a finite  collection  satisfying: 

Condition  2.1:  Let  F(P)-  Then 

1)  ^ polyhedra 

2)  F(F^)  = {F  e F(P)1f  c F^} 

3)  n F^  c F(P) 

4)  If  Pq  ^ ^2  F^  n ri  F^  = 0 

([17]  Section  2.4,  11  and  12,  section  2.6,  1 and  6,  and  [29]  Theorem  18.3) 

The  0-faces,  1-faces,  and  (d-l)-faces  of  P will  be  called  vertices , 
edges,  and  facets  of  P respectively.  Throughout  this  thesis  we  will 
be  considering  only  pointed  polyhedra,  that  is,  polyhedra  containing  at 


least  one  vertex. 
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A polyhedron  which  is  bounded  is  called  a polytope  and  has  the 
property  ([17]  p.  31)  that  each  face  is  the  convex  liull  of  vertices 
in  that  face.  Unbounded  polyhedron  always  contain  unbounded  rays , 
that  is,  vectors  P in  such  that,  for  all  x in  P,  A > 0, 

X + Ap  is  also  in  P.  A d-polyhedron  P is  called  simple  if  every 
vertex  of  P is  contained  in  exactly  d facets  of  P;  a d-polytope 
P is  called  simplicial  if  each  facet  of  P contains  exactly  d 
vertices.  A simple  polyhedron  has  the  convenient  additional  property 
([17]  p.  65,  problem  12)  that  every  k-dimensional  face  of  P is  the 
intersection  of  exactly  d-k  facets  of  P,  and  conversely,  that 
any  non-empty  intersection  of  d-k  facets  forms  a k-dimensional  face. 

Two  special  constructions  should  be  noted  here,  as  appeared  in 
[23],  namely  the  product  and  the  wedge. 

If  P,  ■3te  d - and  d -polyhedra,  respectively,  then  their 

d +d/ 

product  ~ “P  1^  ^ Pp’  V '•  P2'^  ^ 

polyhedron.  Its  k-faoes  are  all  products  is  a 

p-fdce  of  P^  and  is  a k-p  face  of  P^i  k = 0,...,dj+d^, 

0 ^ p < k.  If  Pj^’Pp  3re  [(olytopes,  then  so  is  P|’'P2’ 

^l’^2  simple  then  so  is  P^xP^.  Two  special  cases,  the  open 

and  closed  prisms,  occur  when  P^  = [0,1]  and  [0,“)  respectively. 
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Given  d-polyhedi-on  P = {x  £ (r'^Iax  ^ b}, 
wedge  of  P with  foot  F is  the  polyhedron 


facet  F of  P,  the 


w(P,F) 


X 


< 


where  H = {x  e R*^l^U,x)  = a}  is  the  hyperplane  defining  F,  P c H . 
Geometrically,  it  can  be  described  as  a closed  pyramid  on  P with 
the  top  and  bottom  facets,  Px{0}  and  Px{l},  identified  at  F.  A 
face  of  w(P,F)  is  either  a face  of  one  of  the  top  or  bottom  facets 
or  a closed  pyrandd  on  a face  E of  P with  E n Fx{0},  E n Fx{ll 
(if  they  exist)  identified.  If  P is  a polytope,  then  so  is  w(P,F); 
it  P is  simple,  then  so  is  w(P,F). 


2.2  Simplicial  Complexes 


A simplicial  complex  r.  on  a finite  set  E is  a non-empty 


collection  of  subsets  of  E with  the  property  that  o € E,  T ^ a implies 


T E.  An  element  o e E is  called  a simplex  in  (or  face  of)  E 


and  will  be  identified,  when  necessary,  by  listing  its  vertices 


E.  The  dimension  of  o is  dim  o 


simplices  of  dimension  0 are  called  vertices , and  are  denoted  as  a 


ot  V(E).  (Note:  though  every  vertex  is  an  element  of  E,  not 


E is  a vertex).  The  dimension  ol  E 


is  equal  to  the  dimension  of  the  largest  simplex  and  E is  called 


pure  dimensional  if  all  maximal  simplices  in  E are  of  the  same 


is  equal  to  the  total  number  of 


dimension.  'Die  size  of  E 


implicial  complex  called  the  closure  ot  E,  cl  E or  E,  to  be 


We  will  extend  the  notation  to 


some  o e 


E.  The  boundary  of  E,  9E 


allow  cl  o = o 


ttu'  closure  the  collection  of  (d- 1 )-simpJ  i'x 


contained  in  exactly  one  d-s implex  of  E 


define  finalJ.y  the  )<ey  concepts  of  deletion  and  Jink.  Given 


simplex  o <•  E the  deletion  of  a from  E i.s 
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Z\0  = {t  . l \ Q ^ T } . 

It  is  important  to  note  the  diflerencp  l)etween  this  notation  and  that 
ot  ^■^2’’  ^'2  ^ simplicial  complex,  the  latter  being 

defined  as  the  set  theoretic  diffet'ence  between  the  two  collections  of 
simplices.  For  a 1 0 (l\0  = 0),  T.\p  is  a simplicial  complex. 

For  multiole  deletions  we  will  simr-lv  'write  l\o,\.  ..\o  and  take 
it  to  mean  deletions  are  performed  from  left  to  right.  The  link  of 
o in  1 is 

Hk^o  = {t  £ lit  no  = 0,  T uo£  E}. 

i'or  every  o in  E,  ik  a is  a simplicial  complex  ( ?,k  0 = l),  and 

E E 

if  E is  pure  d-dimensional  then  pure  (d- | a | )-dimensional . 

example  : If  E = ^ ^ is  pure  of  dimension 

2,  and  jEj  =3.  We  can  represent  E pictoriaiiy  as 


Some  examples  of  deletions  and  links,  also  represented  pictoriaiiy  are: 


9 


both  pure  2--dimensionai  and  1-dimensional,  respectively. 


2-dimensional  but  not  pure,  and 


IkjV^V^Vj  = (dt 


{0}  is  a ( -J. )-d iinenr.ional  simplicial  comp>lex. 
Several  constructions  should  be  noted  here; 


Lxample  2.2.1:  Simplexes  ([17]  p.  53). 

If  V = {v^,...,v>  is  a set  of  d+1  points  in  for  which 

0 d 

dim(conv  V)  = d,  then  = conv  V is  called  a geometric  d-simplex. 
Fivery  hos  F(T*^)  = {conv{v.  ,...,v.  }|{v.  ,...,v.  } ^V).  Hence 

^ ^1  h 

the  simplicial  complex  A = ci{V},  called  a combinatorial  d-simplex 
(or  just  d-simplex)  has  the  property  that  is  realised  as  the 

collection  of  those  vertex  sets  which  define  a face  of  We  allow, 

for  completeness,  the  combinatorial  (-l)-simplex  A ^ = {0}  which 
has  no  corresponding  geometric  realization. 


Example : A geometric  3-simplex  looks  like 


( sol  id ) 


and  its  corresponding  combinatorial  simplex  is  E = '^o'^l'^2'^3‘ 

Example  2.2.2:  Boundary  Complexes  of  Simplicial  Polytopes. 

If  P is  a simplicial  polytope,  then  each  facet  F of  P is 

geometric  d-simpiex  on  the  vertices  of  F,  so  that  the  set 

= {v,...v,_|v;  vertex  of  P,  conv{v, , . . . , v,_ } is  a proper  face  of  P} 
L i-  K 1 J.  K — — » 

forms  a (d- 1 )-dimensional  pur  ’ simplicial  complex,  called  the  boundary 
complex  of  P.  1 is  one  example,  with 


. d d, 


Example  2.2.3:  The  Union  of  Two  Simplicial  Complexes. 

Given  simplicial  complexes  vertex  sets 

(not  neccsfjarily  disjoint)  their  union  U (in  t(ie  regular  sense) 
is  also  a simplicial  complex.  We  iiave  dimOi^^  u L^)  = max{dim  dim 
and  and  E^  being  pure  d-dimensional  implies  that  E^  u E^  ds 

pure  d-dimensional. 


Example  2.2.4:  The  Join  of  Two  Simplicial  Complexes. 

Given  simplicial  complexes  on  disjoint  vertex  sets 

V(E  ) ,V(E^ ) , their  join  is  the  complex  '^2^°i 

on  vertex  set  V(E,)  u ^(1^)  with  factors  E and  E.,.  Then 

is  also  a simplicial  complex  and  dim(E^tEj)  = dim  E^^  + dim  E^, 
and  Ej^  and  E^  being  pur'e  implies  pnre. 

Again,  we  will  abuse  the  notation  to  Include  collections  whicti 


are  not  complexes  and  simpliccs  in  complexes  (such  as  o.E^  o t 
In  the  case  where  E^  is  a point  set  we  call  ^ multiple 
suspension  (on  E,). 


For  instance. 


Example  2.2.5:  The  Simplicial  Wedge. 

Given  simplicial  complex  Z,  vertex  v in  Z,  the  simplicial 
wedge  (or  wedge)  of  Z on  v is 


w(Z,v)  = {a,b,0} . (Z\v)  u =>b.!!,k^v 


where  a,b  are  two  additional  vertices.  w(Z,v)  is  again  a simplicial 
complex  and  its  dimension  is  one  more  than  dim  Z.  If  Z is  pure  then 
so  is  w(Z,v). 

For  instance 


b 
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Example  2.2.6:  Stellar  Subdivision. 

Given  simplicial  complex  Z,  0 ^ X e Z,  and  symbol  a i V(Z), 
the  stellar  subdivision  of  Z on  t is  the  complex 

st(a,X)[Z]  = (Z\X)  u a.3X.S,kj.X 

where  3X  = JG\X.  Noting  that  (Z\X)  u a.3X.!lk^X  = (Z\X)  u a.3X.5,k^X, 
it  is  easy  to  see  that  st(a,X)[Z]  is  a simplicial  complex,  that 
dim  st(a,X)[Z]  = dim  Z,  and  that  st(a,X)[Z]  is  pure  dimensional  if 
Z is  pure  dimensional.  Generally  we  will  call  a complex  Z^  a 
stellar  subdivision  of  Z^  if  Z^  can  be  obtained  from  Z^  by  a 
series  of  stellar  subdivisions.  Stellar  subdivisions  are  important 
because  they  comprise  the  building  blocks  of  piecewise  linear  (or 
combinatorial)  complexes  and  in  particular  of  simplicial  polytopes 
(.see  chapter  5). 

One  interesting  note:  If  w(Z,v)  is  the  simplicial  wedge  with 

extra  vertices  a,b,  then  st(v,ab)[w(Z ,v)]  is  the  double  suspension 
of  Z on  a,b.  The  wedge  can  then,  in  a sense,  be  obtained  by  taking 
a double  suspension  followed  by  an  "inverse  stellar  subdivision." 

2 . 3 Five  Lemmas  on  Simplicial  Complexes 

We  present  here  results  relating  the  constructions  link,  deletion, 
join  and  union  which  will  prove  useful  throughout  the  thesis. 

Lemma  2.3.1:  Given  simplicial  complexes,  x t Z^^  u Z^  then 


1 
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a^\x)  u X e 


(Z^\t)  u (Z2V)  T e n 


X X c Z^\Z. 


ii)  ^ ilk^^x  X c Z^XZ^ 


L S,k  X u Jlk  X X e Z n Z 
^1  ^2 


Proof : i)  Z^  u ^2^^  = {o  e Z^^  u ^2^^  — 


= {o  £ Z lx  a}  u {o  e Z | x ^ 0} 


right  hand  side  of  i. 


ii)  X,k^  , X = {o  £ Z^  u Z^lx  n a = 0,  x u a £ Z^  u Z^} 


Z^uZ2 


1 2 


= {0  e Z^)x  n 0 = 0,  X u o £ Zj,} 


u {o  c Z2IX  n 0 = 0,  X u o c Z2), 


since  X u o c Z.  implies  that  o e Z., 

1 1 


= right  hand  side  of  ii . 
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Lemma  2.3.2:  Given  si™Piicial  complexes,  t c Let 

be  the  set  of  vertices  in  t and  in  Z..  Then 
Z . 1 

1 

ii)  Hk  T = (Jlk  T ).(«,k  1 ). 

12  1 1 2 2 


Proof:  i)  = {o,  u o.lo.  e 1.  t c,  u o, 

i2'  1 2‘i  1 — 1 i 


= {O^  u O^IOj  < £., 


ii)  «k^  r.  ^ ' ^‘^l  ^ '’2*°i  1 °2  ^ ^ ^l'^2^ 

= {a^  u o^la.  n T_  = |^,  0.  u t.  e I.} 

1 2'i  Z . 1 1 1 

1 

= (ilk  T ).(ilk  T ). 

^2  2^2 


Lemma  2.3.3:  i)  If  o,  t are  non-comparable,  then 


(l\o)\t  = (Z\t)\o 


ii)  If  T I-  then 


(ik^o)V  = 


15 


Proof : i)  (S\o)V  = N e ^ v} 

= {v  e z|o^v,  t£v} 

= {v  £ Z\t  |o  ^ v} 

= (E\t)\o 

ii)  ()!.k^o)\T  = {v  e ilkj,0|T  ^ v} 

= {v  € z|v  no=0,  vuoeZ,  T^v) 

= {v  e 2\t|v  no  = 0,  v u a e L,  t^ouv} 

(since  x n a = 0) 

= «,k  . o 

Z\x 

Lemma  2.3.4;  If  o u x £ Z then 

Proof:  Kk„,  (x\a)  = {v  £ z|v  n (x\o)  = 0,  v u (x\o)  e Uk  o} 

!!.kj,a  N ' ' i 

= {v  £ Z|v  n (x\0)  = 0,  fv  u (x\o)]  n 0 = 0, 

V u (x\a)  u 0 £ Z} 

= {v  £ z[v  n (x\a)  =0,  vno=0,  vuxuocZ)  ; 

= {v  £ Zjv  n (x  u 0)  = 0,  V u (x  u o)  £ Z) 

= j-  ( t u 0 ) . 
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Lemma 
Proof : 


2.3.6:  \ t 

1\(o\t)  P\o 


‘^’^E\(o\t)"  " n T = 0, 


={veZ|vnT=0, 


(since 


V u T £ E , o\t  ^ \' } 
VUT€l,  a^u 

V n o = 0) 


2.4  Dual  Complexes 

Given  d-polyhedron  P £ c r'^,  the  polar  set  to  P at 

Xq  is  defined 

P"  = ly  £ (y-x  ,z)  < 1 for  each  z £ P}. 

Xq  u 

Then  P"  is  also  a polyhedron  ([17]  p.  49,  prob.  5 viii).  If  P 
is  a polytope,  and  x^  t int  P,  then  P^  = P*  is  called  a dual 
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(All  2-polytopes  are  self-dual.)  And 


More  generally,  the  simplicial  dual  to  a simple  polyhedron  P 
is  the  complex  S"  on  E = {v.lf.  a facet  of  P i = l...n}  defined 
E'‘  = {v.  . . .V.  If . n ...  n f.  is  a non-null  face  of  P}.  Then 

P "1  "l  P 

is  a (d-l)-dimensional  simplicial  complex,  and  again  there  is  an 

inclusion  reversing  isomorphism  tp  between  the  proper  focus  of  P 

and  the  non-empty  simplices  of  Ep  where  if  F is  the  intersection 

of  facets  f.  ,...,f.  then  4>„(F)  is  the  simplex  v.  ...v.  . 

1 1 P 1 1 

1 k 1 k 

To  relate  the  simplicial  dual  to  the  dual  polytope,  we  simply  note 
that  for  simple  polytope  P,  " ^p-'-’  boundary  complex  of 

the  simplicial  polytope  P*. 

One  immediate  result  is  that  any  property  true  of  general 
simplicial  complexes  is  true  in  its  dual  sense  for  all  simple 
polyhedra . 

We  now  relate  some  of  the  polyhedra  in  section  2.1  to  their 
nlm.plicial  duals. 


Proposition  2.4.1;  Let  P be  a simple  d-polyhedron , E“  its 

simplicial  dual,  F a proper  face  of  P,  and  o = ()>p(r).  Then 

Eli  = )ik,,..,0. 

“P 
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Proof;  Let  f,...f  be  the  facets  of  P,  chosen  so  that  f, ,...,f, 
In  Ik 

are  those  facets  defining  F.  Then  V(I)  = and 

o = . . .V,  . Further,  the  facets  of  F are  of  the  form 

1 k 

f.  = f,  n ...  n f,  n f,  for  appropriate  j, > k.  Then 

1 1 k T.  rt-  Y 

■‘i 

is  defined  on  vertex  set  {v.  ,...,v.  } by 

^m 


Z“  = { V.  . . .V.  I f . fi  ...  n f.  ^0  is  a face  of  F} 


fv.  ...V.  If,  n ...  n f,  n f.  n ...  n f.  ^0  is  a face  of  P} 
I,  X,'  1 k 3.^ 

{v.  ...V.  |v  ...v,v.  ...V.  is  a simplex  of  Z"} 

If  1 k P 


= S.k  ,'.o . 
Z 

P 


Proposition  2.4.2;  Let  simple  polyhedra.  Then 


Y"  = Z”  z'"" 

p,  Pj 


1 2 

Proof : We  have  the  facets  of  form  ex'  P,*fj, 


■:  2 ‘1  3' 


where  f.  is  a facet  of  P.  i = l,...,n..  So 
3 11 
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Z"  = {V^  ...V^  V,  ...V,  If,  xp,  n . 

PfXPp 


1 

n f . xP  n p xf‘  n . . 


is  a face  of 


. n P xf . 

i 3< 


r 1 12  2 1,^1  .-1  ^ /r2  ^2  , 

= {v.  ...V.  V....V.  (f.  n ...  n f.  )x(f.  n ...  n f.  ) 


if  a face  of 


= {{vl'  , . . . ,vi  } u {v^  ,...,v^  n . . . n f is  a face  of  P » 

\ 

2 2 

f.  n ...  n f.  is  a face  of  P.} 


= i;.  -s;  • 
1 2 


As  special  cases,  the  dual  complexes  to  the  open  and  closed  prisms 
are  the  single  and  double  suspensions,  respectively. 


Proposition  2.4.3:  Let  P be  a simple  polyhedron,  f,  a facet  of  P. 

’■Q 

Then 


^w(P,f.  ) " )• 

^0 

Proof:  The  facets  of  w(P,f.  ) can  be  denoted  Px{o} , Px(l>,  and 


f^x[0,l]  i ^ i^  (with  the  proper  identifications),  and 


■^0 


i 


1 2, 


{v.  ...V.  (v  )(v  ) f.  x[o,l]  n ...  n f.  x[o,l](n  Px{0}) 

° ^ "l  "k 


(n  Px{l})  is  a face  of  w(P,f.  )} 


= {v^  ...v}  (v?)|(i  = 0,1)  f.  n ...  n f.  a face  of  P} 
^k  ^ ^k 

u {v'l’  . . .vi  v^v^lf.  n ...  n f.  a face  of  F}, 


since  the  top  and  bottom  faces  intersect  exactly  at  F, 


2 2 


{Vq,V^,0}.(E“\v  ) U 


2 


{v2,v2,0].(I*\v.^)  U v2v2.J.k^^v.^ 


w(Ep,v  ). 

0 


2 ■ 5 Shellable  Complexes 

A collection  Li  of  k-faces  in  a polyhedral  complex  is  shellable 

if  either  k = 0 (a  point  set)  or  the  k-taces  in  U can  be  ordered 

f ,...,f  so  that,  for  j = 2,...,n,  f.  n (f.  , u . . . u f , ) is  a 
in  ] J - ' 1 

union  of  (k-l)-faces  which  themselves  form  a shellable  collection. 

In  a simplicial  polytope  the  restriction  that  the  collection  of 

(k-i)-faces  is  shellable  can  be  dropped,  since  any  collection  of 

(k-l)-faces  in  a geometric  k-simplex  is  shellable  (in  any  order).  The 

corresponding  definition  for  simplicial  complexes,  then,  can  be  stated; 

A pur'e  d-dimensional  complex  E is  shellable  if  its  d-simplices 

_ _ 

can  bo  ordered  o,  ,...,o  so  that,  for  j = 2,...,n,  o.  n(u  o.) 


1 


i=l 


1 


MMny 


(the  intersection  taken  as  complexes)  is  a pure  (d-1  )-dimensional 
complex . 

Brungesser  and  Mani  [8]  showed  that  all  polytopes  are  shellable. 
Their  siielling  is  called  a line  shelling,  and  is  produced  as  follows. 
Let  be  the  hyperplane  defining  facet  f^,  i = 1 , . . . ,n  and  let 

i.  be  any  line  in  passing  through  int(P)  with  the  properties 

1)  X,  intersects  every  H.  and  2)  i intersects  no  more  than  one  H. 

1 1 

at  each  of  its  points.  Then  the  order  of  shelling  of  the  f^  is 
the  order  in  which  the  are  intersected  by  a path  beginning  at  some 

point  X in  X,  n int  P travelling  out  from  x along  one  ray  of  X, 
ttien  Dack  in  to  x along  the  opposite  ray.  In  the  same  paper,  they 
showed  that  shellability  of  simplicial  complexes  is  pi^eserved  under 
stellar  subdivisions,  and  as  a result  that  every  simpticial  complex 
which  can  be  "realized"  as  a combinatorial  sphere  or  ball  (see  Chapter 
)ias  a series  of  stellar  subdivisions  which  produces  a shellable  complex 

One  can  extend  polytope  shelling  to  a shelling  of  the  dual  complex 
of  a simple  unbounded  polyhedron  P as  follows:  first  choose  a 

hyperplane  H = {x  (y,x)  = a}  which  supports  some  vertex  v of  P, 

P c H . Let  a.,.  = min{(p,v)|v  a vertex  of  P}  (which  exists  since 

there  are  only  a finite  number  of  vertices  in  P).  Let 

= lx|(p,x)  = u.,,-1} , and  consider  the  polyhedron  P^  = P n h|. 

Pj^  is  a poly  tope,  since  any  unbounded  ray  of  P^  (and  thus  of  P) 

must  be  parallel  to  H (in  order  that  every  x t P^^  have 
a ^ (u  £a.,.-l),  implying  that  H does  not  support  P uniquely  at 
v.  The  vertices  of  P^  are  exactly  those  of  P along  with  n L, 
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where  L is  an  unbounded  edge  of  P.  Hence  is  simple,  and 


2“  = S"  u {v  u a|o  is  a ( d-2 )-simplex  in  contained  in  exactly 


one  (d-1 )-simplex  of  1“} 


u v.sr". 


Let  x^  be  the  vertex  of  the  simplicial  polytope  P^  corresponding 
to  V.  We  can  always  choose  a shelling  line  i.  to  P”  which  crosses 
the  facets  containing  v before  any  other,  by  choosing  i,  sufficiently 
close  to  Xq,  with  i normal  to  a supporting  hyperplane  to  x^. 

Hence  the  line  shelling  described  removes  the  additional  facets  of 
Sp  first,  and  then  shells  E".  We  have,  then 

Proposition  2.5.1:  The  dual  simplicial  complex  to  a simple  polyhedron 

is  shellable. 


2.6  The  Diameter  of  Complexes 

Given  vertices  ^ polyhedron  P^  an  edge  path  from  v^ 

to  in  P is  an  alternating  sequence  of  vertices  and  edges 

Vo  = Uo,o^^,u^,.  . . ,Up_|  ,e^,Uj^  = v^  of  P such  that  u._^,u.  are  (the) 
incident  vertices  to  e..  The  length  of  such  a path  is  k = the  number 
of  edges  = one  less  than  the  number  of  vertices.  The  distance 


f(Vo,v^)  between  Vq  and  v^^  is  the  minimum  length  of  ran  edge  path 
between  Vo  and  v^^,  and  the  diameter  of  P,  diam  P,  is  the 
maximum  of  e(Vo,v,  ) as  Vo»v^  range  over  all  vertices  of  P.  We 


h.ive 


P path  connected  Ll7,  §11.3J,  and  so  diam  P < ■». 
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We  note  here  that  of  the  two  polyhedral  constructions  in  Section  1, 


1)  diain  ^2  ~ diam  + diam  P^,  and 


2)  diam(w(P,F) ) > diam  P. 


The  first  equality  can  be  seen  by  observing  that  any  two  vertices 
Vi^v^,  ^1^^2  joined  by  edge  path 


1 

2 12 

1 2 

1 

2 1 

V XV 

= u„xu„. 

e,  xu„ , . . . 

xu„,  U XI 

0 0 
1 2 

1 0’ 

1 2 

0’  n^ 
1 2 

u xe, 

ni  1 

, U XV  , . 
ni  1 

. . ,u 

xe  , u 

Hi  n^  i 

i 

i i 

i i 

i 

is  a patl 

V = 

,e  ,u  = 

n . n . 

1 1 

V 

"l  "2 


1 ^2 


and  n.  < diam  P. . Further,  for  vertices  v^,u^  in  P.  with 

= diam  P^,  any  path  connecting  to  can  be 

partitioned  into  a path  connecting  to  and  a path  connecting 

2 2 

V to  p , hence  the  total  length  of  the  path  is  diam  P^  + diam  P^. 

The  second  inequality  can  be  seen  by  simply  noting  that  the 
projection  of  any  path  to  one  of  the  top  or  bottom  facets  produces  a 
path  in  P,  and  so  any  two  points  v,p  of  distance  diam  P apart 
iiave  vx{i},  px(j}  of  distance  at  least  diam  P also  i,j  = 0 or  1 . 

An  outstanding  conjecture  in  polyhedral  theory,  the  Hirsch 
Conjecture , as  discussed  in  Ll7j  Chapter  16  or  [24 J,  claims  that  for 
d-polytopes  diam  P < n-d , whore  n is  the  number  of  facets  of  P. 
The  major  polyhedra  for  which  the  Hirsch  Conjecture  1.  knowr;  to  f)old 
fail  into  the  following  three  classes. 
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1.  Transportation  polyhedra 


P = { 


X e ^ X = a.  , i = 

1 J 


X . . = b . , 

ID  D 


i = . Balinski  [21  proved  the  Hirsch  Conjecture  for  the  cases 

n>l 

a.  = k.m  +1  b.  = m,  k.  > 0 Y k.  = m„-l  a.  = (k.+l)m  -1  b.  = m, 

1 1 1 3 1 1 - 1 2 1 1 1 3 1 

'"l 

k^  ^ 0 Balinski  and  Russakoff  [3]  proved  it  for  the 

i=l 

case  a.  = b^  = 1,  called  the  Assignment  Polytope. 


2.  Leontief  substitution  systems 

p 

P = {x  e IR^)Ax  = b},  where  b is  a non-negative  m-vector  and  A 
is  an  mxp  pre-Leontief  matrix,  i.e.,  A is  full  row  rank  and 
contains  at  most  one  positive  entry  per  column.  Saigal  [32]  showed  the 
Hirsch  Conjecture  for  the  special  case  A the  node-arc  incidence  matrix 
of  a directed  source-sink  network,  v the  incidence  vector  of  the  source 
and  sink,  called  the  Shortest  Path  Polyhedron.  Grinold  [16]  later 
showed  it  for  the  general  case. 


3.  General  polyhedra 

Klee  and  Walkup  [24]  provide  the  Hirsch  Conjecture  for  polytopes  with 
d < 3 and  n-d  < 5.  They  found  a class  of  unbounded  polyhedra  of  all 
dimensions  d ^ 4,  n = 2d  which  violated  the  Hirsch  Conjecture.  They 
also  showed  that  it  is  sufficient  to  consider  only  simple  polytopes, 
and  only  those  with  n = 2d. 


Proven  upper  bounds  on  the  diameter  of  d-poly topes  with  n facets 
are  very  high,  barman  [25]  established  a bound  of  2^  ^n , and  later 
Barnette  [6]  impr’oved  it  somewhat.  He  gives  the  bound  i 2^  ^ (n-d+^). 
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which  is  incorrect  for  d = 3,  but  his  proof  seems  to  yield  the 
bound  — 2 ( n-d  + ) . 

In  a simpiiciai  complex  the  concept  dual  to  edge  paths  is  that  of 
simplicial  paths.  Given  two  d-simplices  A^^  in  a d-dimensional 

simpiiciai  complex  L,  a simplicial  path  between  A^  and  Aj^  is  a 
sequence  of  d-simnlices  A„  = = A,  for  which  a.  n a.  , 

is  a (d-i)-face  of  and  i = l,...,k.  The  length  of  such 

a path  is  k,  one  less  than  the  number  of  d-simplices  in  the  path. 

Then  the  distance  between  A^  and  A^,  S-(Aq,A^),  is  the  length  of  the 

shortest  simplicial  path  between  A^  and  A^,  and  the  simplicial 
diameter  of  I (or  just  diam  Z)  is  the  maximum  of  S,(Aq,Aj^)  as 
Aq,  Aj^  range  over  all  d-simplices  of  E . 

We  have  immediately  from  the  definition  of  dual  complexes  that  if 
P is  a simple  polyhedron  then 

diam  P = diam  e” 

and  the  corresponding  form  of  the  Hirsch  Conjecture  says  that  the  diameter 
of  the  (d-1 )-dimensional  complex  of  the  boundary  of  a simplicial  d-poly- 
tope  with  n vertices  is  n-d.  More  generally,  we  say  that  any 
d-dimensional  simplicial  complex  E with  n vertices  satisfies  tiie 
Hirsch  Conjecture  if 


diam  E < n-d-1 . 


chaptf:r  3 

k- DECOMPOSABLE  COMPLEXES 

3.1  Definitions 

We  introduce  the  main  concept  or  this  thesis  here,  namely  k- 
decomposabllity . 

Definition  1:  A simpliciai  complex  E is  k -decomposable  if  E is 

pure  dimensional  and  either  E = {0}  or  1 here  exists  a simplex 
T c E,  with  dim  t ^ k such  that 

1)  E\t  is  k-decomposable 

2)  is  k-decomposable 

k-decomposability , then,  forms  a hierarchy,  with  k-decomposability 
implying  (k-fl  )-decomposability  for  0 _<  k < dim  E,  and  k-decomposability 
equivalent  to  (k+1 )-decomposability  for  k _>  dim  E . Since  t of  the 
definition  can  never  be  the  null  simplex  (E\0  =0  is  not  even  a 
simplicial  complex)  then  k-decomposability  is  not  possible  for  k < 0. 

The  most  restrictive  case,  k = 0,  is  of  special  importance,  and  will 
be  called  vertex  decompos ability . 

Table  1 illustrates  a complete  2-decomposition  of  the  complex 
E = cl{ V V V ,v  V V ,v  V V ,v  V v } . One  example  of  a complex  which 

XaO 

is  not  k-decomposable  for  any  k is  the  complex  E = cl{v  v ,v  v ). 

X ^ O H 

Deletion  of  any  simplex  from  E results  in  a complex  which  is  not 
pure . 

We  present  now  two  elementary  but  important  classes  of  vertex 
decomposable  complexes,  namely,  the  d-s implex  and  the  boundary  of 
a d-simplex. 
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etv: . 


Table  1 

A 2-decomposition  of  I = 
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Proposition  3.1.1:  The  d-simplex  (d  ^ -1)  and  its  boundary 

3A^  (d  > 0)  are  vertex  decomposable  complexes. 

Proof:  Recall  A^  = v„...v,  and  3A^  = v„ . . . v ,\v„ . . .v , . Certainly 

Od  Od'Od 

these  are  both  pure  dimensional  complexes  of  dimension  d and  d-1 
respectively.  We  prove  both  are  vertex  decomposable  by  induction  on 

d. 

a'^  : If  d = -1  then  a'^  = {0},  which  is  vertex  decomposable. 

Otherwise,  choose  any  v.  in  A*^.  We  have  ilk  ,v.  = a'^\v.  = 

1 ,d  1 ' 1 

A 

v„...v.  ,v.  , . . .V , which  is  a (d-l)-simplex,  hence  by  induction  is 
0 I'l  1+1  d 

vertex  decomposable.  Hence  A is  vertex  decomposable. 

3A*^ : If  d = 0,  then  3a'^  = = {0},  which  is  vertex  decomposable. 

Otherwise  choose  any  vertex  v.  in  a"^.  Wo  have  9A*^v.  = 

1 1 

VQ...Vi  which  is  a (d-1  )-simplex,  hence  by  the  first  part 

of  the  proof , is  vertex  decomposable . And 


ilk  _,v.  = v„...v.  ,v.  , . . .V  \v^...v.  ,v 
^ d 1 0 1-1  1 + 1 n'  0 1-1 

9A 


i-1  i+1 ‘ ■ ‘ n 


= 9A 


d-1 


which  is  again  vertex  decomposable  by  induction,  and  hence  so  is  9A  . 
More  examples  will  be  given  in  Chapter  4. 

We  now  give  two  equivalent  definitions  which  wili  be  of  importance 
throughout  the  thesis. 

Definition  2:  A d-dimensional  complex  Z is  k-decomposable  if  it  is 

pure  dimensional  and  either  Z is  a d-simplex  or  there  exists  a simplex 
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T fc  E,  dim  T ^ k,  such  that 

1)  Z\i  is  d-dimensional  and  k-decomposabie 

2)  is  (d- |a  I )-dimensional  and  k-decomposabie. 

Definition  3:  A (not  necessarily  pure)  d-dimensional  complex  E is 

k-decomposable  if  either  E is  a d-simplex  or  there  exists  a simplex 
T e E,  dim  x _<  k,  such  that 

1)  E\x  is  d-dimensional  and  k-decomposable 

2)  ilk^T  is  (d- I T 1 )-dimensional  and  k-decomposable. 

Before  we  prove  equivalence  of  the  three  definitions,  we  need  to 
prove  a lemma. 

Lemma : If  E is  a k-decoraposable  complex  by  Definition  2,  and  o is 

a set  of  elements  disjoint  from  the  vertex  set  V(E)  of  E,  then 
o.E  is  k-decomposable  by  Definition  2. 

Proof:  We  prove  the  lemma  by  induction  on  l^j,  the  number  of  simplices 
in  E.  If  1e|  = 1 then  E = {0}  and  o.E  = o which  is  a (|o|-l)- 
simplex,  hence  k-decomposable.  So  let  |e|  >1  and  dim  E = d. 

Certainly  o.E  is  pure  (d+ | o ] )-dimensional , since  E is  pure 
d-dimensional.  If  E is  a d-simplex,  then  o.E  is  a (d  + 1 o | )-sImplex , 
hence  again  k-decomposable.  Otherwise,  there  must  exirst  a x ■ E, 
dim  X k,  such  that  E\x  is  d-dimensional  and  k-decomposable  by 
Definition  2,  and  is  (d- 1 x | )-dimensional  and  k-decomposable  by 

Definition  2.  Further,  [ E\x  | and  |jlkj,xl  are  both  less  than  [e], 
so  by  induction  o.(E\x)  and  o.)lkj,x  are  both  k-decomposable  by 
Definition  2.  But  by  Lemma  2.3.2,  o.(E\x)  = (o.E)\x  and 

J 


o.ikj,T  = Hk—  J.T . Therefore  t satisfies  the  requirements  for  Defini- 
tion 2 on  the  complex  o.E,  and  hence  o.E  is  k-decomposable  by 
Definition  2.  This  completes  the  proof  of  the  lemma. 

Proof  of  equivalence  of  Definitions  1,  2,  and  3:  Clearly  Definition  2 

implies  Definition  1 (since  d-simplices  are  k-decomposable),  and 
Definition  2 implies  Definition  3.  We  prove  Definition  1 implies 
Definition  2,  and  Definition  3 implies  Definition  2. 

(1  ==>  2);  We  proceed  by  induction  on  |e|.  If  |l|  = 1 then  E = {0} 
which  is  a (-l)-simplex  and  hence  k-decomposable  by  Definition  2. 
Otherwise  let  E be  d-dimensional  and  k-decomposable  by  Definition  1, 
|e1  > 2,  so  that  there  exists  a t e E,  dim  o ^ k such  that 
S,k^T  and  E\t  are  k-decomposable.  E pure  d-dimensional  implies  that 
ik^T  is  (d-|x I )-dimensional  automatically.  If  E\x  is  d-dimensional 
then  we  are  done.  Otherwise  it  must  be  that  x is  contained  in  every 
d-simplex  of  E,  so  that  E = x.JtkjX.  But  ^-kj.x  is  k-decomposable 
by  Definition  1,  hence  by  induction  is  k-decomposable  by  Definition  2. 
Therefore  from  the  lemma  we  see  that  E is  also  k-decomposable  by 
Definition  2. 

( 2 3);  All  that  needs  to  be  proved  here  is  that  if  E is 

d-decomposable  by  Definition  3 then  it  is  pure  dimensional.  We 
proceed  by  induction  on  |e1.  If  |e1  = 1 then  E = {01,  which  in 
certainly  pure.  Otherwise,  let  E be  d-dimensional  and  k-decomposable 
by  Definition  3,  [Ej  > 2.  If  E is  a d-simplex  then  E is  certainly 
pure  dimensional.  Otherwise  there  must  exist  a simplex  x e E with 
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I\t  and  Hk^T  both  k-decomposable  by  Definition  3.  But  then  by  induc- 
tion on  1 1 < l^l  and  j dk^T  | < | S | , E\x  and  are  both  pure 

of  dimension  d and  d- 1 t | respectively.  Hence  T.  = (J:\t)  u T.ilkj,T 
is  the  union  of  two  pure  d-dimensional  complexes,  and  is  therefore 
itself  pure. 

The  T referred  to  in  the  definitions  will  be  called  a shedding 

simplex.  Although  the  property  of  being  k-decomposable  is  independent 

of  which  definition  is  used,  the  properties  of  the  shedding  simplices 

and  of  the  resulting  complexes  may  vary  from  one  definition  to  the  next 

(in  particular  between  Definition  1 and  Definitions  2 or  3).  We  will 

always  specify  which  definition  we  will  be  working  with  when  such  a 

distinction  is  needed.  A shedding  order  is  a sequence  of  simplices 

t,,...,T  , Itj  < k,  defined  inductively  so  that 
1 m — 

1)  is  a shedding  simplex  for  1^  = 5; 

2)  is  a shedding  simplex  for  H iV^’  i ” 2,...,m-l 

3)  E is  a d-simplex  (or  {0}). 

m 

In  other  words,  E.  i = 1 , . . . ,m  are  pure  (d-dimensional)  and  ilk  t. 

1 E . 1 

1 

is  k-decomposable.  Again,  refer  to  Table  1 for  ii lustration . 

To  close  the  section,  we  define  a slightly  wider  class  of  complexes, 
t)ie  weakly  k-decomposable  complexes,  by  dropping  the  condition  on  the 
links . 

w 

Definition  1 : A simplicial  complex  E is  weakly  k-decomposable  if 

E is  pure  and  either  E = {0}  or  there  is  a simplex  x e E,  dim  x < k 
such  that  E\x  is  weakly  k-decomposable.  Weak  vertex  decompositions, 
shedding*  simplices,  and  shedding  orders  are  defined  analogously. 
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Certainly  k-decomposable  complexes  are  weakly  k-decomposable . The 
converse  is  not  true.  For  example,  the  complex 


is  weakly  vertex  decomposaible  with  shedding  order  v ,v  ,v  ,v  ,v^  ,v  ,v  ,v 

12345678 

but  this  is  not  the  shedding  order  of  a vertex  decomposition  (since 
S-kj,v^  = cliv^v^ ,v.j,Vg } is  not  vertex  decomposable).  In  fact,  this 
complex  is  not  vertex  decomposable  at  all,  since  removal  of  any  vertex 
except  results  in  a complex  which  is  not  pure.  The  complex 

T.  = cl{Vj^v2  ,VgV^} , mentioned  earlier,  is  also  an  example  of  a complex 
which  is  not  weakly  k-decomposable  for  any  k. 

t 

There  is  likewise  a weak  version  of  Definition  2. 
w 

Definition  2 : A simplicial  complex  1 is  weakly  k-decomposable  if 

L is  pure  d-dimensional  and  either  Z is  a d-simplex  or  there  is 
a simplex  tel,  dim  t < k,  such  that  E\t  is  a d-dimensional 
weakly  k-decomposable  complex. 

w . w 

Definition  1 is  equivalent  to  Definition  2 , the  proof  being 

contained  in  that  equating  Definition  1 and  Definition  2.  In  fact, 

many  of  the  proofs  of  properties  held  by  weakly  and  strongly 

k-decomposable  complexes  will  proceed  simultaneously.  Definition  3, 

of  course,  has  no  equivalent  weak  analogue. 
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3.2  Some  Properties  of  k-decomposability 

We  prove  in  this  section  that  many  of  the  operations  defined  in 
Chapter  I.  preserve  k-decomposition . 


Proposition  3.2.1;  The  link  of  every  simplex  of  a k-decomposable 
complex  is  itself  k-decomposable. 


Proof:  We  proceed  by  induction  on  lz|.  If  [ £ | = 1 then  I = {0}j 

of  which  the  single  link  )lk^0  = {0}  is  k-decomposable.  Otherwise, 
let  T be  a shedding  simplex  for  I , so  that  1\t  and 
both  k-decomposable,  and  choose  a a simplex  in  E . We  prove 
is  k-decomposable . 

Case  1 (t  u 0 / I);  We  have  Ik  a = £k^.  a,  which  is  k-decomposable 

l I\T 

by  induction  on  j^Vj  < |s|. 

Case  2 ( T c a ) : By  Lemma  2.3.4  we  have 


which  is  k-decomposabie  by  induction  on  < |Z|. 

Case  3(oUT£l,T^0):  We  prove  that  t\o  is  a shedding  simplex 

for  By  Lemma  2.3.3  and  Lemma  2.3.5  we  have 


(S,kj,o  )\(t\o  ) = 


which  is  k-decomposable  as  in  Case  1.  Further,  by  Lemma  2.3.4  we  have 


Ct 


m 
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which  is  k-docomposable  as  in  Case  2.  Hence  t\o  is  indeed  a shedding 
simplex  for  This  completes  the  proof. 

Proposition  3.2.2:  (Weak)  k-decomposability  is  preserved  under  joins. 

Proof : Let  '^l”  d^-dimensional  (weakly)  k-decomposable 

complexes.  Then  and  ^t>e  pure  dimensional,  hence  so  is 

Proceed  by  induction  on  IT  =1  then 

which  is  k-decomposable.  Otherwise  one  of  the  complexes,  say  has 

0 . Hence  there  must  be  a simplex  t e E^^  so  that 
tk^T  are  both  (weakly)  k-decomposable.  But  by  Lemma  2.3.2 
(E  .E  )\t  = (E  \t).E  and  ilk  t = (?.k  t).E  , and  so  by  induction 

on  |(E^\t).E21  < |t^-T2I  and  |(£k^T).E2l  < E^.(E2\t)  and 

V.  k T are  both  (weakly)  k-decomposable.  Hence  x is  also  a 

^l‘^2 

shedding  simplex  for  ^2.'^2  Definition  1)  and  so  T^.E^  is 

k-decomposable . 

Proposition  3.2.3:  (Weak)  k-decomposability  is  preserved  under  stellar 

subdivision . 

The  proof  to  this  proposition  is  too  tedious  to  include  here;  it 
can  be  found  in  Appendix  1.  We  do  give  a more  enlightening  proof  for 
the  special  case  of  vertex  decomposition. 

Proposition  3.2.4:  (Weak)  vertex  decomposition  is  pr'eserved  under 

stellar  subdivision. 

Proof : Let  E be  (weakly)  vertex  decomposable  under  Definition  1, 

X i 0 a simplex  in  E,  and  a the  additional  vertex.  Recall  the 
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definition 

st(a,X)  = (Z\X)  u (a.3X.5,k^X) 

= (X\X)  u (a.9X.Hkj,X). 

We  have  jx|  ^2  and  if  Z = a is  a simplex,  then 

st(a,X)ri;]  = (o\X)  u (a.3X.«.k_X) 

o 

= (^)  u a.3X.(7^) 

= a.3X.(5V) 

which  is  (weakly)  vertex  decomposable,  since  each  component  is 
(Proposition  3.2.2).  Further,  if  X = {u}  is  a vertex  in  Z,  then 

st(a,X)[Z]  = (X\u)  u (a.{0}.  )!,k^u) 

= X\u  u a.Hk^u 

which  (s  merely  Z with  u relabeled  as  a,  and  hence  vertex 
decomposable . 

Therefore,  proceed  by  induction  on  |x|  > 2 with  the  assumption 
that  Z is  not  a simplex  nor  X a vertex,  and  let  v be  a shedding 
simplex  for  Z.  'We  take  three  cases: 

Case  L (v  f'  X,  V / Zk^X);  We  have 
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st(a,X)[E]\v  = [0;\X)  u a.3X..ekj,X]\v 

= C(2\X)\v]  u [a.  3X.  Jlkj,X]  (Lemma  2.3.1i) 

= C(5)\v)\x]  u a. 3X,  J!.kj,^^X  by  Lemma  2.3.3i  and  the 
fact  that  V i Hk^X. 

= st(a,X)Cl\v] 

which  is  (weakly)  vertex-decomposable  by  induction  on  |z;\v|  < |l|. 
(Further 

^'^st(a,X)[j:f  = 2.3.1) 

= (since  v.X  i E) 

which  is  (weakly)  k-decomposable  by  choice  of  v.  ) 

Case  2 (v  t i.k^X):  We  have 

st(a,X)[E]\v  = [(L\X)\v]  u [(a.  3X.  Hkj.X)\v]  (Lemma  2.3.1i) 

= (F\v)\X  u a.  3X.  (J.kj,^^X)  (Lemma  2.3.2  and  Lemma  2.3.3) 
= st(a,X)[E\v] 


which  is  vertex  decomposable  as  in  Case  1.  (Further 


r 
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*'**'st(a  ,X)[E 


2.3.1) 

C(<^k  v)\X]  u [a.SX.Jlk  , „v]  (Lemma  2.3.2  and  Lemma  2.3.3) 
t<  Jc  X 

[(Hk  v)\X]  u [a.3X.)!,k  X]  (by  two  applications  of 

L X,  V 

Lemma  2.3.4) 


= st(a,X)[X,kj,v] , 


which  is  vertex  decomposable  by  induction  on  |4.kj,vj  < |z|  .) 

Case  3 (v  e X ^ {v}):  We  will  shed  1)  v and  then  ii)  a. 
i)  st(a,X)[L]  V = (L\X)  u a.  (3X\v)  .)!.kj,X  (by  Lemma  2.3.1  and  2.3.2) 
which  is  pure  dimensional,  since  for  A a d-simplex  in  (pure 
d-dimensional)  L containing  v,  either  X ^A,  implying 
A e Z\X  ^ st(a,X)[L]\v  or  X^A,  implying  a.(A\v)  e a.  (9X\v)  .J!.kj,X  c 
st(a,X)CX].  (Further 


*''^st(a  ,X)[L 


= u 2.3.1) 

= . ,v]  u a.Hk-^v.Hk  X (Lemma  2.3.2,  Lemma  2.3.5) 

L \{  X\v ) oX  L 

- C(8.kj,v)\(X\v)l  u a. 3 (X\v) . Hk^j^  ^X  (Lemma  2.3.3, 

Lemma  2.3.4) 


= st(a,X\v)[?,kj,v] 


which  is  vertex  decomposable  by  induction  on  |?.k^v|  < | L | .) 
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ii)  (st(a,X)[H]\v)\a  = [Z\X]  u [ (a.  ( 3X\v) . J!.kj,X)\a]  (Lemma  2.3.1) 

= E\X  u (9X\v).Jlkj,X 
= Z\X  u (X\v).ik^X 
= 

which  is  vertex  decomposable  by  choice  of  v.  (Further 

v^^v^v  3 = ilk—  . a (Lemma  2.3.1) 

st(a,X)LLJ\v  a.  3X\v. <,kj,v 

= (Zk-a  ).(  3X\v ) . Jlk_X  ( Lemma  2.3.2) 

3l 

= (j^).ilk^x 

which  is  vertex  decomposable  by  Proposition  3.2.2,  since  x\v  is  a 
simplex,  hence  vertex  decomposable  and  is  shed  by  Proposition 

3.2.1.)  This  completes  the  proof  of  Proposition  3.2.4. 

Proposition  3.2.5;  (Weak)  vertex  decomposability  are  preserved  under 
wedging. 

Pr  oof : Let  I be  a (weakly)  vertex  decomposable  complex  by 

Definition  1,  v a vertex  in  Z.  Then  |z|  ^2  and  if  [zj  = 2 
then  Z = V and  w(Z,v)  = ab  which  is  vertex  decomposable.  Otherwise 
proceed  by  induction  on  jz|  >2.  Let  u be  a shedding  vertex  of  Z. 
Again,  recall  w(Z,v)  = {a,b,0}  . (Z\v)  u ab.Hkj,v  = {a  ,b  ,0 } . ( Z\v ) 
tib.!lkj,v.  Let  u be  the  shedding  vertex  of  Z.  Again,  we  take  three 
cases . 
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Case  1 (u  ^ V,  u ^ !lkj.v):  We  have 

w(Z,v)\u  = [{a,b,0}  . (Z\v)\u]  u ab.Jlkj,v  (Lemma  3.2.1) 

= { a ,b ,0}  . (Z\v\u)  u aB.)lkj,v  (Lemma  2.3.2) 

= {a,b,0}  . (L\u\v)  u ab.Jlkj,^^v  (Since  uv  «'  1 ) 

= w(Z\u,v) 

which  is  (weakly)  vertex  decomposable  by  induction  on  |l\u|  < l^l • 
(Further, 

J,k  ,u  = {a ,b  ,0}  .X,k_.  u (Lemma  2.3.1,  Lemma  2.3.2) 
w(E,v)  I\v 

= {a,b,0}  .Hkj,u  (since  uv  4 E) 

which  is  vertex  decomposable  since  both  factors  are.)  So  n is  also 
a shedding  simplex  for  w(E,v). 

Case  2 (u  e flk^v):  We  have 

w(E,v)\u  = {a  ,b  ,0}  . (E\v\u)  u ab.(t,k^v\u)  (Lemma  2.3.1,  2.3.2) 

= {a ,b  ,0}  . (E\u\v)  u ab.Hkj,^^v  (Lemma  2.3.3) 

- w(E\u,v) 

which  is  (weakly)  vertex  decomposable  as  in  Case  1.  (Further, 


1 


40 


[ Ik  ,,  ,u  = {a,b,0}.Hk  u u ab.ik  u (Lemmas  2.3.1,  2.3.2) 

I w(T.,v)  l-V 

t. 

I = {a,b,0}.[(Hkj.u)\v]  u 

by  Lemma  2.3.3  and  two  applications  of  Lemma  2.3.4 
= w(«.kj.u,v) 

which  is  vertex  decomposable  by  induction  on  lB,kj.ul  < ] 1 • ) So  u is 
again  a shedding  simplex  for  w(E,v). 

Case  3 ( u = v ) ; Then 

wO:,v)\a  = ({a,b,0}\a).(Z\v)  u (ib\a).)lk^v  (Lemma  2.3.1,  Lemma  2.3.2) 

= b.  (E\v)  u b.Hkj,v 
= b.(L\v) 

which  is  (weakly)  vertex  decomposable  by  choice  of  u = v.  (Further, 

o)<  a = (Ik,  „,a).(E\v)  u ( 8,k-f-  a ) . J-k  v (Lemma  2.3.1,  Lemma  2.3.2) 

wO:,v)  {a,b,0}  ab  l 

= (E\v)  u b.Jlkj,v 
= Z (by  replacing  v with  b) 

which  is  vertex  decomposable.)  Hence  a is  a shedding  .simplex  for 
w(5:,v). 

iriahi  ii  
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This  exhausts  the  possible  choices  of  v,  and  thus  proves  the 


theorem. 


3.3  k-Decomposability  and  Shellabilitv 


This  section  will  be  denoted  to  proving  the  following  Theorem: 


Theorem  3.3:  A d-dimensional  complex  Z is  d-decomposable  iff  Z is 


shellable.  An  immediate  corollary  is: 


Corollary : Every  k-decomposable  complex  is  shellable.  Note  that  weak 

k-decomposability  cannot  insure  shellability , as  the  example  at  the 
end  of  section  3.1  shows. 


Proof  of  Theorem:  (<=-)  Let  Z be  a d-dimensional  complex,  a.,..., a 

1 m 

an  ordering  of  the  d-simplices  of  Z which  shells  Z,  so  that 
m 

Z = cl(  u 0.).  We  prove  that  Z is  strongly  d-decomposable  by 
i=l  ^ 

Definition  2.  If  m = 1 then  Z is  a d-simplex,  and  so  Z is 

k-decomposable.  Tor  m > 1 we  proceed  by  induction  on  |z|.  We  have 

_ _ 

by  definition  that  o n ( u o.)  is  a pure  (d-1 )-dimensional  complex 

i = l k 

generated  by  the  (d-1  )-simplices  . Let  t = u (o  /x.). 

1 k . I 1 

]=1 

Then  x c o (hence  x c Z),  but  x ?!  o . i < m,  since  it  cannot 
— m — 1 

be  that  x = xno.co  no.cx.,  for  some  ■] , while  0 ^ o \x . c x . 

1— mi— ] m'j— 

Therefore  is  the  only  d-simplex  containing  x.  So 
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S\t  = ( u o. ) u (o  \t ) 
. , 1 m ' 

1=1 


( u o . ) u ( 0 \ T ) 
. , 1 m ' 

1=1 


= ( u a.)  u cl(a  \ u (a  \t.)) 
1=1  : = 1 


m-1  _ k 

( u a . ) u cl(  u T . ) 
i=l  ^ j=l  ^ 


= u o. 


which  is  a shellable  complex,  with  shelling  order  hence 

d-decomposable  by  induction  on  | l\t j < |r|;  and 


Jlk_T  = Ik—  T 

I a 

m 


= (a  \t) 

m ' 


wliich  is  a simplex,  hence  d-decomposable.  Therefore  t is  a shedding 
simplex  for  I,  and  hence  Z is  strongly  d-decomposable. 


(•'>)  By  induction  on  l^j.  If  lz|  = 1 then  Z = {0},  which  is 
shellable.  Otherwise  suppose  Z is  d-dimensional  and  d-decomposable 
by  Definition  2.  If  Z is  a d-simplex,  then  Z is  shellable. 
Otherwise  there  must  exist  a simplex  t e Z such  that  1)  Z\t  is 
d-dimensional  and  d-decomposable  and  2)  is  {d- | x | )-dimensional 

and  d-decomposable  , implying  (d- | x j )-decomposahle  . 
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1)  implies  E\x  is  shellable,  by  induction  on  |E\t1  < llj,  with 

shelling  order  'the  d-simplexes  in  z not  containing  t- 

2)  implies  is  shellable,  by  induction  on  I ] < jE],  with 

shelling  order  t ...  t*  bet  a . = t ut.,  i = We  claim  that 

^ 1’  ’ !!,  P+i  1 

a.  , ,0  D is  a shelling  for  E . For  2<k<p  a,n(u  o.)  isa 

X 0+*^  K . « 1 

^ 1 = 1 

pure  (d-1  )-dimensional  complex  by(l).  For  k > p,  we  have 


a,  n ( u o . ) 
^ i=l  ^ 


[o,  n ( u a.)]  u Co,  n ( u a.)] 
k 1 k • J- 

1=1  i=p+l 


= [o,  n (E\t)]  u [(t.T.  ) n ( u (t.t.))] 

k ' k'p  . , 1 


= [o,\t]  u tx.(t,  ^ n ( u T.)>]. 
k ' k-p  . , 1 

1 = 1 


Now  o,\t  = u a\v  , which  is  pure  of  dimension  d-1,  and 


X,  n ( u X.)  is  pure  of  dimension  d-|x|-l,  since  x , . . . ,x  is  a 
i = l " _ k-1  1 

shelling  order.  Hence  o n ( u o.)  is  a pure  (d-1 )dimensional  complex 

i=l  ^ p+S-  _ 

for  k = 2,...,p+?,,  and  therefore  E = u a.  is  shellable. 

i=l  ^ 

We  observe  the  important  special  case  that  the  simplicial  duals  of 
convex  polyhedra  and  polytopes  fall  at  least  into  the  bottom  of  the 
hierarchy  of  k-decomposable  complexes.  It  remains  to  be  seen  how  far  up 
in  the  hierarchy  they  lie. 


3.4  k-Decomposability  and  Diameters 


It  turns  out  that  k-decomposability  and  weak  d-decomposability  force 


bounds  on  the  (simplicial)  diameter  of  simplicial  complexes. 
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Theorem  3.4.1:  If  E is  a d-dimensionai  k-decomposable  complex, 

0 < k < d,  then 


diam  E < f,  (E)  - ( 
— k 


d+1 

k+1 


) 


where  f,  (E)  is  the  number  of  k-faces  of  E. 
k 

Proof:  We  proceed  by  induction  on  |^1  ^ 2 (since  dim  E ^ 0).  If 

|e1  =2  then  E = v,  and  so  dim  E = 0,  k = 0, 

diam  E = 0 < Otherwise  proceed  by  induction  on  (e]  > 2. 

Let  d-simplices  in  E,  and  t a shedding  simplex 

for  E . 

Case  1 (t  ^ n A2):  Then  at  least  one  of  ^p’^2  1 say 

A^.  This  implies  E\t  is  pure  d-dimensional,  and  so  for  vex, 

A_^\v  e E\t  must  be  contained  in  some  d-simplex  A^  e E\x , so  that 
ApA^  are  adjacent.  But  E\x  is  k-decomposable,  so  by  induction 
on  I E\t 1 < 1 E I 


d+1 , 


diam(E\x)  £ f|^(E\x)  - 


(since  x must  be  in  at  least  one  k-simplex)  and  so  A can  be  joined 


1 

d+1 , 


to  A by  a simplicial  path  of  length  at  most  fj^(E)-  - !•  Hence 


d+1. 


A^  can  be  joined  to  A^  by  a path  of  length  at  most 
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Case  2 (t  n A^):  We  have  A^V  in  , a k-decomposable 

complex  with  < 1 1 1 . So,  by  induction. 


diam(l?,k  t)  < f (£k  t)  - ( 
E — k E 


d- I T 1 +1 
k+1 


). 


i 


Now  T is  contained  in  some  d-simplex  A e E which  contains 

k+X 

k+i- I T 1 

k-faces,  ( ')  of  which  do  not  intersect  x.  Hence 


V^k^x)  < yE)  - 


and  so 


diam(yx)  < 1 fj^(E)  - 


Hence  A^\x , A^V  can  be  joined  by  a simplicial  path 


Ay  = = ^2^ 


in  ?k  X of  length  at  most  f,  (E)  - and  therefore  A and  A 

X K K+i  1 J 

can  be  joined  by  the  path 


Af  = Of  u X,  0^  u x,...,o^  u X = A^ 
of  the  same  length. 

Since  these  cover  all  choices  of  Aj^,Aj  we  have 

diam  E < f,  (E)  - 

— k k+1 
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Corollary  3.4.2:  Vertex  decomposable  complexes  satisfy  the  Hirsch 

Conjecture . 

Theorem  3.4.3:  If  1 is  a weakly  k-decomposable  complex,  0 < k < d, 

then  diam  I < 2f,  (S). 

— k 

w 

Proof : Let  Z be  d-dimensional,  weakly  k-decomposable  by  Def  2 . 

If  Z is  a d-simplex,  then  diam  I = 0 < 2f  (I).  Otherwise,  proceed 

K 

by  induction  on  | I > 2^'^'*^^^  Let  d-simpleces  in  Z, 

and  let  t be  a shedding  simplex  for  Z. 

If  T e A^,  i = 1 or  2,  then  for  v e t A^\v  e I\t  must  be 
contained  in  some  d-simplex  in  I\t  (since  E\t  is  pure  d-dimensional). 
Hence  there  are  simplices  which  share  a (d-l)-face 

with  Aj^,A^,  respectively.  But  | 2\t  ] < |e|  , so  by  induction 

diam(E\T)  ;<  2fj^(E\x) 

1 2[fj^(E)  - 1] 

since  t must  be  contained  in  at  least  one  k-simplex.  Therefore 
a' ,a'  can  be  joined  by  a path  of  length  at  most  2f  (E)  - 2,  and 

12  K 

f 

so  A ,A„  can  be  joined  by  a path  of  length  at  most  2f  (E).  Hence 

12  K 

diam  E < 2f,  (E). 

— k 


Corollary  3.4.4:  (Weakly)  k-decomposable  complexes  have  diameters 

bounded  above  by  a polynomial  in  n of  degree  k+1. 
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W 


Proof:  f (Z)  is  at  most  the  number  of  (ktl)-sets  in  the  n-set  V(Z). 

k 

Hence  f,(^)  ^ polynomial  in  n of  degree  k+1.  The 

K K T X 

corollary  follows . 


CHAPTER  4 


CLASSES  OF  VERTEX  DECOMPOSABLE  COMPLEXES 


4.1  Complexes  of  Dimension  < 3 

Proposition  4.1.J:  Ail  0-dimensional  complexes  are  vertex  decomposable. 

Proof;  Simply  note  that  0-dimensional  complexes  are  point  sets,  and  so 
for  each  veD,  )!.kj,v={0}  and  D\v  is  either  {0}  or  again  a 
point  set.  Hence  the  vertices  of  E can  be  shed  in  any  order. 

Theorem  4.1.2:  Let  I be  a 1-dimensional  complex,  i.e,,  a loopless 
graph  with  at  least  one  edge  and  no  multiple  edges.  Then  the  following 
are  equivalent. 

1)  E is  connected 

2)  E in  vertex  decomposable 

3)  E is  weakly  vertex  decomposable 

4)  E is  2-decomposable 

5)  E is  weakly  2-decomposable. 

Proof:  First  note  that  the  link  of  a non-empty  simplex  in  E is 

either  {0}  or  a 0-dimensional  complex,  both  of  which  are  k-decomposable 
for  k = 1,2.  Hence  we  have  2 equivalent  to  3 , 4 equivalent  to  5,  and 
3 implies  4.  We  prove  5 implies  1 and  1 implies  2. 

(S  ->  1 ) : Proceed  by  induction  on  1e|^4.  If  |e|  = 4 then  E i:;  a 
single  edge,  which  is  connected.  Otherwise  let  |e|  > 4,  so  that  E has 
a shedding  simplex  t.  Suppose  that  E contains  two  non-empty  components 


E_^  and  E^. 
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Case  1 (t  / T.^):  Here  Z\t  still  has  components  and 

and  < |e|  . But  Z\t  is  weakly  2-decomposable , and  so  by 

induction  is  connected.  This  contradicts  the  existence  of  and 

Case  2 (t  ^ Zj^):  Z pure  2-dimansional  implies  that  t must  be  con- 
tained in  an  edge  e of  Z^^,  and  so  e must  contain  a vertex  v which 
is  not  T.  But  then  v e and  hence  Z\t  still  has  non-empty 

components  Z^\x,  Z^.  But  again  Z\t  is  weakly  decomposable, 
contradicting  the  existence  of  Z^  and  Z^. 

The  case  v e Z^  is  handled  similarly. 

(1  ■=>  2);  We  have  automatically  that  Z connected  implies  Z pure 
dimensional,  since  there  can  be  no  isolated  points  in  Z.  We  proceed 
again  by  induction  on  jz|  ^ 4 if  |z|  = 4 then  Z is  a single  edge, 
and  so  is  vertex  decomposable.  Otherwise,  suppose  |zl  > 4.  Let  T 
be  a spanning  tree  for  Z,  and  choose  v^  any  terminal  vertex  of  T. 
Tlien  L\v  contains  T\v.  which  is  a spanning  tree  for  , hence 

Z\v^  is  2-dimensional  and  connected  with  I^\^q1  1^1-  Therefore 

^Vo  is  vertex  decomposable,  and  J.k^  Z is  vertex  decomposable  by 
Theorem  4.1.1.  Hence  v^  is  a shedding  simplex  of  Z,  and  therefore 
Z is  vertex  decomposable. 

Theorem  4.1.3:  2-spheres  and  2-balls  (simplicial  complexes  whose 

2 2 

realizations  are  homeomorphic  to  S or  B ) are  vertex  decomposable. 
Hence  the  dual  complex  of  a simple  3-poiyhcdron  is  vertex  decomposable. 


I 


Proof : We  refer  the  reader  to  Chapter  5 for  clarif icat ion  of  terms  arid 

also  for  the  proofs  of  several  facts  which,  by  their  topological  nature. 


are  also  relegated  to  Chapter  5.  They  are: 

1)  Simplicial  2-spheres  and  2-balls  are  pure  dimensional. 

2)  If  E is  a 2-sphere  or  2-ball,  and  v is  any  vertex  in  E, 

then  is  either  a 1-sphere  or  a 1-ball,  which  corresponds 

to  a graph  which  is  a single  open  or  closed  non-intersecting  path. 

3)  If  E is  a 2-sphere,  and  v is  any  vertex  in  E,  then  E\v 
is  a 2-ball. 

4)  If  E is  a 2-ball  or  2-sphere  and  v is  any  vertex  in  E, 

then  E\v  is  a 2-ball  iff  n 3E  = dZk^v. 

5)  The  dual  complex  of  a polyhedron  is  a ball  or  sphere. 

i We  prove  the  theorem  by  showing  that  every  2-sphere  and  every  2-ball 

f 

: with  more  than  one  2-simplex  contains  a vertex  v for  which  E\v  is 

I a 2-ball.  Further,  from  (2)  we  have  is  connected  and  hence 

; vertex  decomposable  by  Theorem  4.1.2.  Hence  we  have,  by  an  induction 

i argument,  that  v is  a shedding  vertex  for  E,  and  so  E is  vertex 
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2)  Otherwise,  let  {vj^,u.}  be  the  cutting  edge,  and  continue  clockwise 
around  the  boundai'y  of  Z to  adjacent  vertex  '*^0  !• 


First  we  show  this  procedure  stops . Let  be  that  part  of  F to 

the  "right"  of  {v^,u^}.  Then  must  contain  at  least  one  triangle 

(since  {v.,u.}  cuts  through  the  interior  of  I),  and  A.  , is 
11  1+1 

strictly  contained  in  A^  (since  "right"  of  u^, 

and  strictly  to  the  right  of  must  eventually 

be  a single  triangle. 


and  so  v.  , stops  the  procedure. 

What  we  get  from  the  procedure  is  some  v for  which  the  only 
vertices  u adjacent  to  v which  ai’e  on  the  boundary  of  Z are 
those  for  which  {v,u}  is  also  on  the  boundary.  Hence 


dkj.v  n 3?;  = 3(5.k^v) 


and  so  L\v  is  a 2-ball.  This  completes  the  proof  <'f  Theorem  u.L.l. 
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To  end  the  chapter,  we  comment  that  by  exhaustive  search  through 
the  complexes  in  [18],  it  seems  that  all  3-spheres  with  at  most  8 
vertices  are  vertex  decomposable.  We  will  not  enumerate  the 
decompositions  here. 

4.2  Complexes  on  Matroids 

A matroid  M = (E,I)  consists  of  a finite  set  E together  with 
a non-empty  collection  I of  subsets  of  E,  called  independent  sets, 
with  the  properties  1)  every  subset  of  an  independent  set  is  independent, 
and  2)  for  each  set  A ^ E,  the  elements  of  I which  are  maximal  with 
respect  to  being  contained  in  A all  have  the  same  cardinality  r(I,A). 
Then  by  (1),  I forms  a simplicial  complex  on  E,  and  by  (2),  I is 
pure  (r(I  ,E  )-l  )-dimensional . (For  more  information  on  matroids  see 
[39],[37].) 

Theorem  4.2.1:  If  I is  the  collection  of  independent  sets  of  a matroid 

M on  E,  then  I is  vertex  decomposable. 

Proof:  We  prove  that  I satisfies  Definition  1.  If  |l|  = 1 then 

I = {0}  which  is  vertex  decomposable.  Otherwise  proceed  by  induction 
on  jl|  > 1.  Choose  any  vertex  v in  I.  Then 

I\v  ={tc  I|v/t} 

= {t  e I T o E\v} 


which  satisfies  (1)  and  (2)  (r(I\v,A)  = r(I,A)),  and  hence  is  a matroid 
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i 


(called  the  "deletion  (matroid)  of  v from  M" ) , with  |l\v|  < |I|. 

Hence  by  induction  J\v  is  vertex  decomposable.  Also 

JlkjV  = {t  t ijv  ^ t,  T u {v}  e I] 

which  again  satisfies  (1),  and  satisfies  (2)  since,  for  every  A c E\v 
and  every  set  tel  with  v e t c A u {v},  t is  contained  in  some 
maximal  element  of  I contained  in  A,  which  also  contains  v,  hence 
r(ZkjV  ,A)  = r(I,A)-l.  Therefore  Jlk^v  is  a matroid  (called  the 
"contraction  of  v in  M" ) with  l8,kjvj  < |ll  , and  so  by  induction 
2,kjV  is  also  vertex  decomposable. 

Thus  V is  a shedding  vertex  for  I,  and  so  I itself  is 
vertex  decomposable. 

Corollary  4.2.2;  Matroids  are  shellable  and  satisfy  the  Hirsch  Conjecture. 

We  call  the  circuits  of  a matroid  M that  collection  C(I)  of 

minimal  sets  in  E which  are  not  contained  in  I.  Given  an  ordering 

e,  , . . . ,e  of  the  elements  of  E,  we  call  the  broken  circuits  of 
1 m 

(with  respect  to  the  ordering)  the  collection  of  sets  ^ ^ C(I), 

e,  that  element  of  C with  highest  index.  Finally  we  define  the 

K 

broken  circuit  complex  on  E to  be 

6(7)  = fr  c e|t  contains  no  broken  circuit). 


We  state  without  proof  two  propositions  of  Brylawski. 


54 


Proposition  4.2.3:  If  M is  a matroid  on  E with  r(I  ,E)  = d,  then 

B(I)  is  a pure  (d-1 )-dimensional  complex  ([9]  Proposition  3.1). 

Proposition  4.2.4:  Let  M = (I ,E  = ( , . . . ,e^} ) be  a matroid,  B(I) 

its  associated  broken  circuit  complex.  If  any  element  of  E is  not 
a vertex  of  I,  then  B(I)  = 0.  Otherwise, 


B(I  )\e  = B(I\e  ) 

' m m 


([9]  Proposition  3.2  a,d,e). 


With  these  facts  we  prove 


Theorem  4.2.5:  Non-empty  broken  circuit  complexes  are  strongly  vertex 

decomposable . 

Proof:  Let  M = (I ,E  = {e^,...,e^})  be  a matroid  B(M)  its  associated 

broken  circuit  complex.  We  show  that  B(I)  satisfies  Definition  1. 

8(1)  is  pure  dimensional  by  Proposition  4.2.3  I =1  implies 
I = {0},  and  so  C(I)  = {{elje  e E)  . Therefore  6(1)  = (0),  which 
is  vertex  decomposable. 

For  |Il  > 1,  proceed  by  induction  on  llj.  We  tiave,  by  Propi;:.lti( 
4.2.4,  6(1)  i 0 implies  every  element  of  E is  a vertex  of  I,  irid 


= 8(7V_„) 


d( I ) m 1 m 
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But  those  are  both  non-empty  broken  circuit  complexes  on  the  matroid 

independent  sets  I\e  , Hk.e  (see  Theorem  4.2.1)  with  I I\e  | < III , 

' m I m ' ' rn'  ' ' 

jik^e^l  < jll-  Hence  by  induction  they  are  both  vertex  decomposable. 
Therefore  is  a shedding  simplex  of  B(I),  and  so  B(I ) is  vertex 

decomposable . 

Corollary  4.2.6:  Broken  circuit  complexes  are  shellable  and  satisfy 

the  Hirsch  Conjecture. 

4 .3  Leontie f Complexes 

A pure  (d-l)-dimensional  complex  7.  on  set  E is  called  Leontief 
if  1)  For  all  t c E (including  x = 0),  simplicially  path 

connected,  that  is,  every  two  maximal  simplices  in  ^re  connected 

by  a simplicial  path  in  ^ 2)  there  is  a labelling  of  the  m 

elements  of  E by  the  numbers  1 , . . . ,m-d  so  that  for  every  (d-1)- 
simplex  o in  E,  E\o  has  a complete  labelling,  that  is,  exactly 
one  each  of  the  numbers  1 through  m-d. 

Leontief  complexes  are  generalizations  of  the  dual  complexes  E" 
to  simple  Leontief  substitution  systems,  i.e.  simple  polyhedra  of  the 
form 

P = {x  c r"'|Ax  = b,  X ^ 0} 


where  b is  a non-negative  « vector  and  A is  a dxm  Leontief 
matrix,  that  is,  A is  rank  d,  A contains  exactly  one  positive 
elcMnent  in  each  column,  and  Ax  > 0 has  a non-negative  solution. 
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By  retnarka  In  Section  2.6  we  know  that  every  face  of  P has  a path 
connected  boundary  complex,  and  so  from  Proposition  2.4.1  we  have 
that  the  link  of  every  simplex  in  z”  is  path  connected.  Further, 
from  the  characterizations  of  Dantzig  [12]  and  Veinott  [38]  it  follows 
that  the  extreme  points  of  P can  be  expressed  as  B ^b  on  the 
columns  of  B and  0 elsewhere , where  B is  a square  matrix  comprised 
of  columns  of  A with  exactly  one  positive  element  per  row  (and  hence 
per  column).  The  assumption  that  P is  simple  implies  that 
dim  P = dim  )^p+l  = m-d.  We  can  therefore  label  the  columns  of  A with 
tlie  numbers  l,...,d  = m-dim  P according  to  which  entry  of  that 
column  is  positive.  Then  the  vertices  of  Zp  correspond  to  the  facets 
of  P,  which  are  among  the  sets  {x  e = 0}  i = l,...,m,  and 

the  (d-1  )-simplices  of  Zp  correspond  to  vertices  of  P,  which  are 
therefore  contained  in  a set  of  facets  whose  corresponding  set  of  matrix 
columns  is  the  complement  of  a set  of  columns  with  a complete  labelling. 
Therefore  Z"  is  an  m-d-1  dimensional  Leontief  complex. 

Two  facts  follow  immediately  from  the  properties  of  the  labelling, 
namely : 

1)  All  (d-1  )-simplices  in  Z have  the  same  (not  necessarily 
distinct  or  complete)  set  of  labels,  since  their  complements  in  E do, 

2)  If  m is  the  number  of  vertices  in  Z,  then  m < 2d,  since 
if  m-d  > d,  then  for  some  (d-1 )-simplex  o,  the  label  of  at  least 
one  vertex  v is  exclusively  in  E\o , hence  by  (1),  is  exclusively 
in  E\o  for  every  ( d-1  )-simplex  o,  implying  the  impossible  fact 
that  the  vertex  v is  in  no  (d-J )-simplex. 

It  is  also  true  that  the  property  of  being  Leontief  is  presei-vni 


down  to  links. 
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Proposition  4.3.1:  If  I is  Leontief,  t e E,  then  is  Leontief. 

Proof:  Certainly  a = )lk^(T  u o)  is  path  connected  for 

Kkj,T  I 

a e X,k^T  . Let  v be  the  set  of  vertices  in  £k^T  and  let  a be  a 
It  E 

(d-l-| T 1 )-simplex  in  ^'k^.T  . Then  v^\o  ^ v\(a  u t),  which  has  a 
complete  labelling,  and  so  has  a distinct  set  of  labels.  But 

every  (d-1- 1 t ] )-simplex  o'  in  *^k^T  has  the  same  set  of  labels 
as  o , since  o ' u x has  the  same  set  of  labels  as  out.  Therefore 
v^\o ' has  the  same  distinct  labelling  as  , and  so  by  relabelling 

the  vertices  in  *-kj,x  by  the  numbers  l...n-d-|x|  we  have  that  i^'k^.t 
is  Leontief. 

The  first  theorem  of  this  section  is  a generalization  of  the 
result  of  Grinold  in  [16 J,  and  uses  the  same  basic  proof. 

Theorem  4.3.2:  Leontief  complexes  satisfy  the  Hirsch  Conjecture, 

Proof:  We  prove  the  following  claim  which  proves  the  theorem. 

Claim : If  and  are  two  distinct  (d-1  )-simplices  in  E,  then 

there  exists  a vertex  v^  e A^XA^,  v^  e ^2^^1  ^^^2^ 

is  a (d-l)simplex  in  E. 

For,  if  Oj^  and  o^  are  (d-l)-simplices  in  E,  then 
|o^  u 0^1  _<  n implying 


I01V2I  i I°1  ^ 

and  so  by  repeated  application  of  the  claim  we  obtain  a path  from  to 

0^  of  length  at  most  n-d. 
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Proof  of  Claim:  By  induction  on  ( f | . If  Z has  only  one  (d-1 )-simplex, 

then  the  claim  is  true  vacuously.  Otherwise,  let  |z|  >1  and  ^ 
be  (d-l)-simplices  in  Z. 

Case  1 (A^  n A^  = 0):  We  have  |Aj^  U A^l  = 2d  and  so  Aj^  u A^  must 

comprise  all  the  vertices  of  Z.  Now  let  A'  be  the  first  simplex  in 
any  path  from  A^  to  A^  (there  must  be  at  least  one  such  path).  Then 
A^\A'  = '^2'  since  it  is  not  in  A^,  must  be 

in  Therefore  A'  = ^ ^ (d-1  )-simplex  in  Z. 

Case  2 ( A^  n A^  = t 0 ) ; We  have  A^\t  (d-l-jil)- 

simplices  in  ’ which  is  Leontief  by  Proposition  4.3.1  and  has 

|{,k^,T|  < |z|.  Hence  by  induction,  there  are  vertices 
v^  c (Aj^\t  )\(AjV  ) = (A^\A2)\t,  v^  e ( A^V  )\(A^\t ) = (A2\A^)\t  so 
that  ( (A^\t  )\{  Vj^} ) u (■'^2^  ^ d-l-|T|  simplex  in  • Therefore 

(Ai\{Vi})  u {v^}  = f(  (Aj^V  )\{  v^} ) u {v^}]  u T is  a (d-1  )-simplex  in  Z, 
and  so  the  claim,  and  hence  the  theory,  is  proved. 

Foi'  the  vertex  decomposability  result  we  need  to  restrict  ourselves 
to  "bounded"  Leontief  complexes. 

Definition : A pure  (d-l)-dimensional  simplicial  complex  Z is  called 

bounded  if  every  (d-2 )-simplex  of  Z is  contained  in  at  least  two 
(d-1 )-simplices  of  Z,  i.e.  3Z  = 0. 

Thus  the  simplicial  duals  of  bounded  polyhedru  are  bounded  complexes, 
since  every  edge  of  a polytope  contains  two  vertices,  wher’eas  the 


simplicial  duals  of  unbounded  polyhedra  are  not  bounded  complexes,  since 
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unbounded  polyhedra  contain  unbounded  edges  (edges  containing  only 
one  vertex). 

We  note  that  links  in  bounded  complexes  are  also  bounded  for  if 
T e 2 and  a is  a (d- j t [ -2 )-simplex  in  > then  a c t is  a 

(d-E )-simplex  in  E,  and  so  is  contained  in  at  least  two  (d-1)- 
nimplices  then  and  both  contain  a, 

and  so  o \x  , o„\t  (k- ] t | -1  )-simplices  in  )lk  t containing  o. 

Theorem  4.3.3;  Bounded  Leontief  complexes  form  the  independent  sets 
of  a matroid. 

Proof:  Let  E be  a bounded  Leontief  complex  of  dimension  d-1  on 

set  Certainly  E is  closed  under  Inclusion.  Now  let  A c E 

and  elements  of  E which  are  maximal  with  respect  to 

being  contained  in  A.  Then  it  must  be  true  that  n A, 

0^  = n A,  wliere  (d-1  )-simplices  in  E,  in  particular 

L\Aj  , LV^  are  completely  labelled. 

Now  suppose  joj  > lo^l-  Then  1a\o^1  < IaV^I,  and  both  these 
sets  have  distinct  labels.  Hence  there  must  be  some  label  in  f\o  ^ 
whicl)  If;  jiot  in  A\o  ^ . Let  v be  the  vertex  with  this  label.  Tiiero 
must  also  be  a vertex  v'  ih  E\Aj^  with  the  same  label  as  v,  and 
so  of  cotirse  v'  ( A^-  Now  E bounded  implies  that  there  is  a 
(d-1  )-simpiex  b.'  ^ in  E containing  A^Vv'}.  But  A'  has  the 

same  set  of  labels  as  A^,  and  the  only  other  vertex  in  E\(A2\{v'}) 


witli  tfidt  label  must  be  v.  So 
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A'  n A = [(Aj\{v'})  u {v}]  n A 
= u {v} 


implying  that  was  not  maximal  as  a simplex  of  T.  contained  in  A. 

Hence  jo^l  = |o^|  and  so  all  elements  of  Z which  are  maximal  with 
respect  to  being  contained  in  A have  the  same  cardinality.  Therefore 
),  forms  the  independent  sets  of  a matroid. 

Corollary  4.3.4:  Bounded  Leontief  complexes  are  vertex  decomposable, 

and  hence  also  shellable. 

Note : Boundedness  is  essential  here,  for  the  complex  below  is  a Leontief 

complex,  appropriately  labelled,  which  is  not  vertex  decomposable 
(removal  of  any  vertex  leaves  a complex  which  is  not  pure). 


1 
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4.4  Distributive  Lattice  Complexes 

Let  P = (E,^)  be  a finite  partially  ordered  set.  We  say  that 
P is  a lattice  if  every  two  elements  a,b  in  P have  a least 
upper  bound  av  b - an  element  y e P with  y > a,  y > b,  and 
y ^ X for  every  x . P with  x ^ a,  x ^ b - and  a greatest  lower 
bound  a A b - an  element  y e P with  y < a,  y < b,  and  y > x 
for  every  x t P with  x^a,x^b.  P is  a distributive  lattice , 
if  in  addition  the  operations  a,  v satisfy  either  of  the  two 
equivalent  properties 


1) 

a A (b  V c ) = 

(aAb)  V (a  Ac) 

a,b,c  e P 

?) 

av(bAc)  = 

(avb)A  (avc) 

a,b,c  e P. 

An  important  property  of  distributive  lattices  (see  [7]  III. 3) 
is  stated  here  without  proof.  Let  L be  a distributive  lattice, 
and  define  a meet  irreducible  element  of  L to  be  any  element  x of 
L with  exactly  one  successor,  that  is,  there  exists  a unique  y e L 
such  that  y ^ X and  if  Y ^ z ^ x,  then  z = y or  z = x.  These 

elements  form  a partially  ordered  set  under  <,  which  we  shall  denote 
P, . Define  an  order  ideal  of  P,  to  be  any  subset  I of  P,  closed 

ij  L,  L 

under'  that  is,  if  x c I and  y x,  then  y c I.  Then: 

Proposition  4.4.1:  L is  isomorphic  as  a lattice  to  the  set  of  order 

i'leais  of  P^  with  ^ being  replaced  by  a by  n,  and  v by  u. 

This  means  that  every  maximal  chain  (totally  ordered  set)  of  L 
has  the  same  cardinality  ntl , where  n is  the  number  of  irreducible 
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elements  of  L.  So  the  lattice  complex  of  L,  1 , defined  on  the  elements 
of  L to  be  1 = {3  c l(S  is  a chain},  is  a pure  n-dimensional 
simplicial  complex.  We  will  spend  the  remainder  of  this  section 
proving  the  following. 

Theorem  4.4.2:  If  L is  a distributive  lattice,  and  I,  is  of 

— Li 

dimension  d,  then  Z can  be  derived  from  the  d-simplex  by  a series 

Ij 

ot  stellar  subdivisions. 

By  Proposition  3.2.3  we  have  an  immediate  corollary. 

Corollary  4.4.3:  If  L is  a distributive  lattice,  then  I,  is  vertex 

decomposable,  hence  is  shellable  and  satisfies  the  Hirsch  conjecture. 

We  first  prove  a lemma. 

lemma:  If  1 = v.f  and  (a, ,X  1 , . . . , (a  ,X  ) is  a series  of  stellar 

11  n n 

subdivisions  performed  on  Z = 1,  S.  = st(a.  ,X. )[X . ,])  such 

0 1 1 1 1-1 

that  V i/  X.  i = l,...,n,  then  the  resulting  complex  is  identical 
to  the  complex  v.E",  where  Z"  is  obtained  from  Z'  by  the  same 
series  of  stellar  subdivisions. 

Proot : It  is  sufficient  to  prove 

st(a,X^)[Z]  = v.st(aj^,Xj^)[Z' 1. 


But  v / X^  implies  X^  c Z' , and  so 
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st(a^  ,X^)[2:]  = (Z\Xj^)  u a^.3X^.ik^X^ 

= v.(Z'\X^)  u a^.BX.v.Jlk^.Xj,  (Lemma  2.3.2) 

= v.st(aj^,Xj^)[Z]. 

Proof  of  Theorem;  Let  P,  = (E,<),  so  that  has  vertices  labelled 

■■  “ " i_i  Ij 

V , where  S c E Is  an  order  ideal  of  P , and  dim  Z = |e|. 

r>  Li  ij 

We  prove  the  following  c]aim,  which  proves  the  theorem: 

Claim : Let  A = ~ ^ E|x£a},  a e E}  u 1®'*^ 

S^,...,S^  be  any  ordering  of  the  order  ideals  of  P,  such  that 

Is, 1 > |S„1  > ...  > Is  I.  Finally  let  X.  ={v.|a  is  a maximal 
1 — / — — n 1 (a)  

element  in  S^^}.  Then  (v^  ,X^ ),..., (v^  is  a series  of  stellar 

^1  n _ 

subdivisions  which,  when  performed  on  the  complex  A,  yiei.ds  Z . 

Proof  of  Claim:  The  proof  is  by  induction  on  |L’j.  if  |e|  = 1 

then  Zj^  - ^ ^1  ” 

st(v  ,X  )[A]  is  again  A = Z . Assume,  then,  that  |e]  > 1.  We 
Li  X L 

have  V = v is  a vertex  in  Z which  is  in  every  maximal  simplex 

Li  L 

'>f  Z , since  E is  in  every  maximal  chain  of  L.  Thus 

L» 

Z.  = V . Pk  V . Further,  since  S ,...,S  are  proper  subsets  of  E, 

I < L>  L>  ^ Lj  ^ 

then  X^,...,X  cannot  contain  V„.  Hence  it  remains  to  prove,  by 
2 n L 

the  lemma,  that  itk,,  v,_,  is  the  stellar  subdivision  of  P-k  ,, 

Z^  L st(v^,X^ )[A ) E 

by  <v^  ,X  ),..., (v  ,X  ). 

'^2  n " 

Now , 
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5-k  y .p--,  = !!,k—  ni,  V (Lemma  2.3.1) 

st(Vj^,Xi)[A]  v^.aX^.  ilk-X^  E 


3X, .Hk— X,  (Lemma  2.3.2) 

1 A 1 


cl{(Xj^\v^^^) . (A\Xj^)  |a  is  a maximal  element  in  E (=S^)} 


= cl{A\v.  ^|a  is  a maximal  element  in  E} 


which  is  non-empty,  since  1a|  = 1e|+1  > 0. 

For  each  A\v.  , as  above,  associate  the  complex  E of  dk  v 

^3.  / 3 - L* 

]j 

generated  by  the  (d-1 )-simplices  {Op|r  u {E}  is  a maximal  chain  in 

L with  E (!'  r and  E\{a}  e F}.  Then  the  partition  the  (d-1)- 

simpiices  of  5,k  v , since  each  chain  contains  exactly  one  set  of  size 

|E'j-l.  Now  each  is  itself  a distributive  lattice  complex  of  the 

form  Z,  , where  P,  = (E\{a},<),  since  v ...v  c E iff 
L L ' — u,  u,  a 

a a Ik 

(u  ,...,u  } is  the  subset  of  some  maximal  chain  F in  L with  E F 

jL  k 

and  E\{a}  e F iff  {a^,...,Uj^}  is  the  subset  of  some  maximal  chain 

in  L iff  V ...V  e E,  . Finally,  the  set 
a u,  u,  L ^ 

1 k a 


Aa  = {Vg  = {x  e E\{a)|x  b) , be  E\{a}} 

b 

= ^ E\{a}}  (since  a is  maximal) 


Hence  by  induction  on  |E\{a}|  < jEj,  we  have,  for  the  ordering 
S.  ,...,S.  of  those  S.  which  are  order  ideals  of  P,  , 

t Ip  J ‘-a 


j < ...  < j , that  (v  ,X^  ),..., (v  ,X^  ) is  a series  of  s 

1 ^ ^4  ip 


tellar 


siibil  Ivisions  of  A which  yields  Z , where 
a a 


X.  = {v,  I S,  e A with  b a maximal  element  in  S.  } 

= {v-  \|b  a maximal  element  in  S.  } 

<b)' 


(again  since  a is  maximal) 


= X . . 

Ip 


Thei'efore  (v^  5X2), ...,(v^  ,X^)  is  a series  of  stellar  subdivisions  of 
2 n 


u {b  |a  a maximal  element  of  E)  = !lk 


st(v^,X^)[^^E 


which  yields  S,k  v . This  proves  the  claim  and  hence  the  theorem. 

Note;  Sections  4.2  and  4.4  deal  with  three  classes  of  complexes  of 
a type  known  as  "construct ible"  complexes  (see  [36]).  Stanley  [34] 
cites  these  classes,  along  with  the  boundary  complexes  of  polytopes, 
as  the  four  known  classes  of  constructible  complexes,  and  poses  the 
question:  "Are  constructible  complexes  shellable?"  Of  course  the 

fourth  class  is  shellable  hy  Proposition  2.5.1,  and  now  the  first 


three  classes  have  been  established  as  shellable  classes. 
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4.5  The  Boundary  Complex  of  a Cyclic  Polytope 

The  cyclic  polytope  C(n,d)  of  dimenr.ion  d ^ 1 with  n ^ d+1 
vi'i'licin;  (Ll'/J  S4.7)  del  Lned  to  bo  the  convex  hull  of  the  points 


iv. 


where  t.  are  real  numbers  with  t,  < t„  ...  < t . C(n,d)  is  a 
1 1 2 n 

simpiiciai  polytope,  and  so  has  an  associated  (d-1  )-dimensional 
boundary  simpiiciai  complex,  which  we  will  also  call  C(n,d),  whose 
maximal  simplices  can  be  described  on  the  set  V = {v^,...,v^}  as 
follows : 

Oalo'r.  Evenness  Criterion  (GEC):  A d-set  a ^ v is  a 

(d-1  )-:5implex  of  C(n,d)  iff  each  two  vertices  in  v\o 
are  separated  (in  the  ordering  v^,  ...,v^)  by  an  even 
number'  of  vertices  of  o. 

Table  1 displays  the  example  C(8,3),  where  the  3-simplices  are 
given  by  the  rows.  Cyclic  polytopes  and  their  complexes  are  important 
because  the  face  structure  maximizes  simultaneously  for  all  k the 
number  of  k-faces  in  a d-polytope  (or  even  simpiiciai  (d-1  )-sphere ) 
with  n vertices  (see  L27]  and  [3bj).  They  have  been  further  studied, 
with  respect  to  their'  simpiiciai  diameter,  in  [21'). 

Theorem  4.5.1:  The  boundary  complex  of  a cyclic  polytope  is  vertex 

decomposable . 

We  first  prove  a lemma: 


1 
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i 

( 

I 

1 


ii 


L<’m»M : L<-’t  Lhf’  oimplicial  complex  C(n,d)  be  described  on  vertex  set 

by  Gale's  Evenness  Criterion.  Then: 

1)  For  k ^ n-d-1,  C(n,d  is  pure  (d-1 )-dimensional . 


2) 

IV 

n > d+2 

, C(n,d)\v^\v^_^  = C(n-l,d)\v^_^. 

3) 

For 

d > 2, 

- C(n-1  ,d-l ) . 

C(n,d)  n 

4) 

For 

d > 3, 

AW  ^ ^ . [C(n-2,d-2)\v  ]. 

C(n,d)\v  n-1  n-2  ' n-2 

' n 

Proof  of 

lemma ; 1 ) 

Let  T c C(n,d)\v  . .\v  , , so  that  v . ^ t, 

' n ' ' n-k  n-1 

i = 0,... 

,k. 

and  c 

<=  0 for  0 of  dimension  d-1  satisfying  GEC.  If 

a n {v 

n-k 

) • • . 

,v  } = 0 
n 

, then  we  are  done.  Otherwise,  we  can  delete  the 

contiguous  blocks  of  vertices  of  o containing  v^,...,v^  ^ and 
redistribute  those  vertices  into  the  lowest  indices  not  included  in  o. 

The  new  d-set  o'  again  satisfies  GEC,  since  any  two  vertices  in 
{v^,...,v^  ^ sre  separated  by  the  same  set  of  vertices  as  they 

were  in  { v^ , . . . ,v^}\o . Therefore  o'  is  a (d-1 )-simplex  in 
C(n,d)\v  \...\v  , , and  so  it  follows  that  C(n,d)\v  \. ..\v  , is 

pure  ( d-1  )-dimensional . 

2)  By  ( i ) , we  need  only  prove  that  the  (d-1  )-simpiices  of 

C(n,d)\v  \v  , are  the  same  as  those  in  C(n-l,d)\v  ..  But  a d-set 
' n ' n-i  ' n-1 

o {v.,...,v  _}  is  a (d-1  )-simplex  in  C(n,d)\v  \v  iff 

— 1 ri-2  ' n ' n-i 

o = {v,  ,...,vj  as  o satisfies  GEC  on  {v  ,...,v  } and  there  are 
Id  in 

an  even  number  of  vertices  in  the  last  block  iff  o s.jt.isfies  GEC  on 

V ,}  and  there  are  an  even  number  of  vertices  in  the  last 
1 n-i 

Mock  iff  0 is  a (d-1  )-simplex  of  C(n-l,d)\v 

n-i 

J)  t ■ {Vj^,...,v^  is  a (d-2  )-simpiex  in  the  (pure)  complex 

...v  iff  o = T u {v  } is  a (d-1  )-simplex  in  C(n,d)  iff 
r(n,d)  ti  n 

i 
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V c a and  a satisfies  GEC  on  {v, } if  v e a and 
n Inn 

o\v  satisfies  GEC  on  {v  .....v  ,}  iff  t £ C(n-l.d-l). 

n 1 n-1 

4)  C(n,d)\v^  is  pure  dimensional  by  part  (1).  Further, 

is  a (d-2)-simplex  in 

. ' n 

0 = T u {v  is  a (d-1  )-simplex  in  C(n,d)\v  iff  v , e o c 

n-1  ' n n-1  — 

{v  . ..V  ,}  and  o satisfies  GEC  on  {v, and  has  an 

1 n-i  1 n-1 


even  number  of  vertices  in  the  last  block  iff 


T = o\{v  ,}  satisfies 
' n-1 


GEC  on  ■>  • • • ’'^n-2^  odd  number  of  vertices  in  the 

last  block  iff  v _ c t and  t\v  „ is  a (d-2)-set  which  satisfies 
n-2  ' n-2 

GEC  on  {v, . . .v  „}  and  has  an  even  number  of  vertices  in  the  last 
1 n-3  

block  iff  T is  a (d-2 )-simplex  in  v „ . [C( n-2 ,d-2 )\v  And 

n-2  n-2 

so,  since  Hk„,  v _ is  defined  by  its  (d-2 )-simplices , then  (4) 

C(n,d)\v  n-1  ^ 

' n 

folJ  ows . 


Proof  of  Theorem:  By  definition  C(n,d)  is  pure  (d-1 )-dimensional . 

We  prove  by  induction  on  |C(n,d)|  that  v^  is  a shedding  simplex 
on  C(n,d)  by  Definition  2. 

First  note  that  C(n,l)  = cl{v^,v^}  (a  two  point  complex)  and 
so  clearly  v^  is  a shedding  simplex  for  C(n,l).  This  gives  us  the 
statement  foi'  ]C(n,d)l  = 3. 

Now  let  |C(n,d)|  >3.  We  have  by  (3)  of  the  lemma  that 

i(k„,  ,,v  = C(n-l,d-l),  and  so  is  vertex  decomposable  by  induction. 

C(n,d)  n 

Case  1 (n  = d+1):  Then  C(n,d)\v^  is  a (d- 1 )-simplex  and  so  is 

vertex  decomposable. 


Case  2 (n  >_  d + 2):  By  (1)  of  the  Lemma  C(n,d)\v^  is  pure  (d-i  )- 

dimensional.  Now  consider  the  vertex  v , in  C(n,d)\v  . We  have 

n-1  ' n 

(C( n , i 

)Vn^'^n-  ^ = C(n-l,d)\v^  ^ which  is  vertex  decomposable , since 
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by  induction  is  a shedding  vertex  for  C(n-l,d).  And 

V , is  either  a point  set  if  d = 2,  or  equals 
C(n,d)\v  n-1  ‘ ^ 

n 

'7  . 1 C:(  11-'.’ ,d-;’ )\v  1 ir  d > 3,  hy  ('O  of  till'  loiiim.i.  In  1)k>  fi  r.'t  case 

11-2  ' n-2 

every  point  set  is  vertex  decomposable  and  in  the  second  case 

C(n-2 ,d-2 )\v^  2 vertex  decomposable  since,  by  induction  on  n, 

v^  ^ is  a shedding  vertex  for  C(n-2,d-2),  and  so  by  Proposition  3.2,2, 

V ...  V , is  vertex  decomposable. 

n-2  C(n,d)\v  n-1  ^ 

’ ' n 

Therefore  is  a shedding  simplex  for  C(n,d)\v^,  and  so 

v^  is  a shedding  simplex  for  C(n,d).  This  completes  the  induction 
step,  and  hence  the  proof  of  the  theorem. 


Corollary  4.5.3.  C(n,d)  is  shellable  and  satisfies  the  Hirsch  Conjecture. 


4 . b Three  Non  k-docomposable  Complexes 

To  end  this  chapter,  it  is  only  fair  to  give  examples  of  some 
tairdy  reasonable  complexes  which  are  not  k-decomposable  or  weakly 
k-decomposable  for  various  k. 

Example  4.5.1:  The  Klee-Walkup  counter'cxample . 

This  is  the  dual  complex  to  the  unbounded  polyhedron  constructed 
in  t24j  with  presentation 


and  dual  complex  whose  3-simplices  are  given  as  the  rows  in  Table  3. 
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It  has  dimension  3,  8 vertices,  15  3-simplices  and  diam  Z = 5 > 8-4, 
and  hence  by  Corollary  3.5.2  cannot  be  strongly  vertex  decomposable. 

Tt  i;;,  however,  both  weakly  vertex  decomposable  through  .shedding  order 
'^l’\’'"5’'^3’ L-decoinposable  by  , v^^  ,v^  ,v^  . 

Example  4.5.2:  The  Rudin  Counterexample. 

This  is  a triangulation  of  the  geometric  3-simplex  constructed  in 
[31]  with  complex  given  in  Table  4.  It  has  dimension  3,  14  vertices, 

41  simplices,  and  is  not  shellable,  therefore  not  strongly  k-decomposable 
for  any  k.  The  status  of  weak  decomposition  is  not  known. 

Example  4.5.3:  This  is  part  of  a construction  by  Barnette  [5],  and 

is  one  of  the  simplest  examples  of  a non  vertex  decomposable  complex. 

It  is  a combinatorial  ball  which  is  not  the  dual  complex  of  a polyhedron, 
since  the  suspension  of  its  boundary  to  a point  produces  Barnette's 
example,  which  is  not  the  complex  of  a polytope  (see  Chapter  5).  Its 
construction  is  straightf orward , Consider  the  triangular  prism  as  in 
Figure  I on  vertices  a,  b,  c,  a',  b',  and  c'.  "Twist"  triangle  abc 
so  that  the  sides  of  the  prism  are  no  longer  planar.  The  convex  hull 
of  [a  ,ri' ,b  ,b' } , {a,a',c,c'},  (b,b',c,c’}  are  three  3-simplices  in 
(see  Figure  2).  Now  these  simplices  each  have  two  2-faces  which  face 
tiie  inside  of  the  prism,  and  these  faces,  along  with  the  2-simplices 
abc  and  a'b'c'  form  a 2-sphere.  Place  a point  d in  the  interior 
of  this  2-sphere  and  let  the  remaining  simplices  in  T.  be  the  convex 
hull  of  d and  these  two  simplices  (see  Figure  3). 


J 
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Figure  1 


Figure  2 


Figure  3 


The  resulting  complex,  given  in  Table  5,  has  dimension  3,  8 vertices 
and  11  simplices.  It  is  neither  weakly  nor  strongly  vertex  decomposable, 
since  removal  of  any  of  the  points  a,  b,  c,  a',  b',  c'  leaves  a 
maximal  2-simplex  on  the  appropriate  side  simplices,  and  removal  of  d 
leaves  a maximal  2-simplex  in  the  top  and  bottom  simplex.  It  is, 
however  strongly  (hence  weakly)  1-decomposable  by  shedding  order 
ac',  c,  c',  a'.  It  also  has  diameter  3 < n-d-1,  and  so  even  for 
"reasonable"  complexes,  the  converse  to  Theorem  3.5.1  is  not 
necessarily  true. 

Finally,  we  note  that  the  simplex  abed  can  be  removed  fr'om  the 
complex  with  the  same  results,  and  this  complex  is  {)robably  the  sm<iJlest 
exam[>le  of  a non-strongly  vertex  decomposable  ball. 


CHAPTER  5 


TOPOLOGICAL  PROPERTIES  OF  k-DECOMPOSITION 

5 . 0 The  purpose  of  this  chapter  is  to  investigate  the  conjecture: 

All  piecewise  linear  spheres  are  vertex  decomposable.  In  fact,  it  is 
an  open  question  [11]  as  to  whether  piecewise  linear  (PL)  spheres  are 
shellable  = d-decomposable  (PL-balls  are  not,  as  Example  4.5.2  shows). 

We  present  here  what  we  consider  the  strongest  characterization  of 
strong  k-decomposition  of  piecewise  linear  spheres  which  can  be  obtained 
by  considering  only  the  topological  properties  of  the  sphere,  and 
mention  two  interesting  applications  to  shelling  theory.  Much  of 

the  material  in  this  section  is  in  [26]  and  [19],  so  the  reader  should 
consult  these  for  clarification  or  examples. 

5 . 1 Homology  Theory 

Given  a d-dimensional  simplicial  complex  E on  a set  E = {e^,...,e^}, 
arbitrarily  numbered,  define  for  each  integer  in  the  m-dimens ional 
simplicial  chain  group  S^(E)  to  be  the  free  abelian  group  generated 
by  the  m-simplices  of  E,  i.e.,  the  group  with  elements  of  the  form 


a^Ol  t 


+ a o 
P P 


where  are  m-simplices, 

a ( -1 )-dimensional  simplex. 
The  boundary  operator  3^; 

0=  e....e.  i,  <.. 

1 , , 1 


a^  integers.  We  take  the  simplex  0 to  be 

and  of  course  S(E)=0m<-l,  m>d. 
m ’ 

S (E)  -*•  S ,(E)  is  defined  on  m-s implex 
m m-1 

. < i , , to  be 
m+1 
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h (L  n M),  which  is  the  equivalence  class  of  an  element  xeS(LnM)c 
m ^ m — 

S (L)  n S (M)  we  define 
m m 


n (x)  = (-x)  ® X e H (L)  ® ft  (M). 
m mm 


A homology  d-manifold  is  a simplicial  complex  1 for  which  every 
non-empty  simplex  a in  Z has 


ft  (Hk  o)  = 

m Z 


m i d-  a I 


0 or  Z m = d-  0 


The  boundary  of  Z,  SZ , is  that  set  of  simplices  o for  which 
Hd  |^|(ilk^o)  = 0.  A homology  d-manifold  is  a homology  d-ball  if 
ft  (Z)  = 0 for  dll  m,  and  a homology  d-sphere  if 


ft  (Z)  = 
m 


0 m ^ d 


Z m = d 


To  relate  this  definition  to  the  standard  one  (eg.  [26]  Definition 
6.4.6),  and  as  a useful  lemma,  we  prove 


Lemma  5.1.2:  If  Z is  any  simplicial  complex,  and  o is  a non-empty 

simplex  in  Z,  then 

i)  ft  , ( (o\o) . S,k,.o ) = ft  I |(S,k_o)  for  all  m 
m-1  ' Z m-|o|  Z 

ii)  ft  (a.?.k_o)  = 0 for  all  m, 

m Z 


J 


0 for  all  m. 
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11  K is  a realizalion  of  I and  o is  the  geometric  simplex 
corresponding  to  o in  K (see  Section  5.2)  then  (o\o).Hk^o  is  the 
"link"  and  o.Hk^a  the  "closed  star,”  in  the  sense  of  [26]  Definition 
2.4.2,  of  any  point  in  the  relative  interior  of  6.  It  becomes  a 
simple  argument  to  show  that  Z is  a homology  d-manifold  iff  each 
point  in  K has  a "Jink"  which  is  a homology  ball  or  sphere,  or 
equivalently,  if!  every  point  in  K has  a "closed  star"  which  is  a 
homology  d-ball. 


Proof  of  Lemma:  We  use  a number  of  specialized  topological  facts  from 

[26],  namely,  for  F any  complex: 

1)  (o\o).r  lias  the  same  homology  as  ^lol  1"^  where 

= ta^,b^,0]  are  distinct  two  point  complexes  (Examples  4.3.12, 
2.3.18,  and  comments  at  the  end  of  Section  2.3). 

2)  it  ,(S..r)=?t(r)  for  all  m (Theorem  4.4.10). 

mt  1 1 m 


3) 

H (v.r)  = 0 for  V a vertex  not 
m 

in 

r. 

all 

Jast  sentence  of  proof). 

It 

follows  that 

L) 

it  , ((o\o)  .«,k„0)  = H , (S,  . . . . 
m-1  ' Z m-1  1 

.Si 

|o| 

-1’ 

l!.kj,a ) 

= H (S 

m-2  / 

.S|  1 

|o| 

-i‘ 

Jlk^o  ) 

...  = H 1 1 (?.k_o) 
m- 1 0 1 Z 

for 

all 

m 

and 

ii) 

?t  (o.P,k_o)  = it  (v  . (a\v  ) . 2,k  0 ) , 
m Z m 1 ' 1 Z 

''l 

e 0 

9 

0 for  all  m. 
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Remarks : 


5.1.3:  Homology  d-manifolds  are  pure  d-dimensional  complexes,  for 

if  0 is  a maximal  simplex  of  E of  dimension  k < d,  then 
Hk^a  = {0},  and  so 


?t_j^(jlk^a)  = H_^({0})  = Z ?!  0 


wher'e  -1  < d-|o|,  a contradiction. 

5.1.4:  The  link  of  each  non-empty  simplex  in  a homology  d-manifold 

is  itself  a homology  sphere  or  ball,  for  its  links  are  in  turn  links  of 
E,  and  hence  have  the  required  homology. 

5.1.5:  The  boundary  of  a homology  d-manifold  is  a homology  (d-1)- 

manifold  ([?6j  Theorem  5.4.14),  hence  is  generated  by  its  (d-l)-simplices, 
But  a (d-i  )-simplex  a is  in  3E  iff  is  a homology  0-ball,  i.e. 

a single  point.  We  iiave  then  that  SE  is  exactly  those  simplices  con- 
tained in  some  ( d-1  )-simplex  which  is  in  turn  contained  in  exactly  one 
d-simplex.  The  simplex  0 has  not  been  included  in  the  definition  of 
boundary.  Since  we  will  be  working  exclusively  with  balls  and  spheres, 
however,  we  can  extend  the  definition  to  include  0.  and  technically 
include  0 in  general  manifolds  whenever  the  boundary  is  non-empty. 

The  definition  here,  then , matches  that  given  in  Section  2.2,  so  we  need 
make  no  fut'ther  distinction. 

5.1.6!  Homology  d-spheres  have  the  nice  property  that  they  have 
k 

no  boundary,  for  if  J a. a.  is  a non-zero  element  of  H.(e),  then 

.‘-,11  d 


k k 

0=3(J  a.ij.)=  y a.3(o.) 
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and  so  every  (d-l)-face  of  each  must  be  contained  in  at  least  one 

other,  and  hence  exactly  one  other,  o.  j i . Therefore 
k ^ 

b'  = cl(  U a.)  has  no  boundary.  But  then  any  d-simplex  in  Z\E'  can 
i = l ^ 

intersect  in  at  most  a (d-2 )-simplex . Hence  if  t is  a maximal 

simplex  in  n cl(I\Z'),  then 


implying  and  connected  by  a path,  so  that 

’^*^cl(  2\i; ' least  two  path  components,  and 

f 0 (E?6]  E.xample  4.2.13).  But  the  choice  of  t means  that 

dim(Kk,,T)  > 1 and  therefore  Zk^x  cannot  be  a homology  ball  or  sphere. 

Thus  E\E'  = 0,  and  so  Z'  = Z has  no  boundary. 

3.1.7;  Homology  d-balls  and  d-spheres  belong  to  a more  general 

class  of  complexes  i:alled  Cohen-Macaulay  complexes,  t!iat  is,  complexes 

1 for'  whicli  evoi'y  simplex  o in  1 ( incl'uding  o = 0)  has 

H (f.k  o)  = 0 except  possibly  at  m = d~|a|.  These  complexes  will  have 
m ). 

added  importance  in  the  following  sections. 


1).2  Homological  Properties  of  k-decomposable  Compioxes 

We  prove  several  homological  characteristics  of  all  k-decomposable 
complexes  particularly  homology  balls  and  spheres,  and  present  some 
interesting  applications  to  shelling  of  spher'es. 

Tlieorem  3.2.1:  k-decomposable  complexes  are  Cohen-Macaul ay . 
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Proof : Let  Z be  a d-dimensional  k-decomposable  by  Definition  2.  If 

Z is  a d-simplex,  then  each  face  a e Z has  a simplex,  and 

hence  by  Lemma  5.1.2  (ii)  has  0 homology  everywhere.  Otherwise  proceed 
by  induction  on  ll|  > 2^^^,  and  let  t be  a shedding  simplex  for  Z-  Wc 
have  d-dimensional  k-decomposable,  and  (d- 1 o | )-dimensional 

k-decomposable,  implying  that  t.Jlk^t  is  d-dimensional  k-decomposabl^ 
and  (t\T).2,k^T  is  (d-1  )-dimensional  k-decomposable  (Proposition  3,2,2), 
Fui'ther,  | D\t  ] < |p|,  [ (t\t  ) . J,k^T  | < | D | , and  lt.?.k^T|  < ] I ] (since 

X\t  contains  at  least  one  d-simplex  not  in  t.i!.kj,T).  Hence  by 

induction  l^.(D\t)  - 0,  ?t^(t.S,k^T)  = 0 except  possibly  at  i = d,  and 

. ( (t\t ) . Kk  T ) = 0 except  possibly  at  i = d-1.  We  can  therefore  set 

1 Zi 

up  the  Mayer-Vietoris  sequence  as  follows; 


...  ->  ft  ( ( t .{,k  t ) n (Z\t  ) ) ft  (t  .S.k_T  ) ® H (L\t  ) 
ml  ' ml  m ' 


t,  _ ‘I’  _ 

ft  ((t.dk  t)  u (Z\t))  ft  ((t.ilk  t)  n (E\t)) 
ml  ' m-1  1 ' 


which  is  the  same  as 


M S 

ft  ( (t\t  ) . !-  k T ) ft  (t  . Hk  t ) ®ft  (1  t)  -^ft  (1) 

m ' 1 m 1 m m 


-P‘  ft  ( (t\t ) .Hk  T ) 
m-i  ' 1 


But  for  every  m ^ d we  have 


...•+o®o-+"h(i)>"o 

m 


and  since  the  sequence  is  exact. 


Ker  <()  = Im  4 =0 

m m 


so  that  J)  is  an  iniection  into  the  zero  space  implying  ft  (I)  = 0, 
m / d,  thus  proving  the  theorem  for  a - 0.  For  o ^ 0 we  simply 
note,  by  Proposition  3.2.1  that  is  k-decomposable  and  that 

|Hk^.(T|  < I r,  I . Hence  by  induction  ft^(5,kj,a)  = 0 except  possibly  at 
m = d-|o|.  Thi.s  completes  the  proof  of  the  theorem. 


Theorem  5.2.2:  Jf  1 is  a homology  d-sphere  and  t is  a simplex 

in  Y,  then  l\t  is  ,i  homology  d-ball. 


Praot  : ;t  is  utficicmt  to  pi'ove  only  thit  H^^(I\t ) = 0 for  all  m, 

'•.inco  tor  ovary  ;impl>'x  o • F.\t  , it  x / then  ~ 

and  if  t ?.k_o  then  by  Remark  5.1.6  fk  . o = ( f k a )\t  is  a homology 
T.  I\t  L 

d-jo|  sphere  witli  tfr  simplex  t removed. 

>'  now  ..el  up  tf\o  Mayr-Vi'  toris  sequence  as  in  Theorem  5.2.1: 


h 6 

. «•  ft  ((T\T).ik,.T)  H (T.tk.t)  ® ft  (FV)  -i"  ft  (1) 

jn'J!  m?!  m'  m 


, ( f t\t  ) . tk,,T  )»•,.. 
I'm-I  ' 1 


Wo  have  by  Luiiima  5.1..^  rind  Remark  5.1.6 
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H ((T\T).«,k  t) 
m J, 


m = d-i 


m i d-1 


(t  .ik_T  ) = 0 aii  m 

m 1. 


m 


d 


m ^ d 


Hoiicc  t 'l  m < d-1  and  m > d thf  eq'a«*tii  »•  i- 


^11  / • ^ \ ^ 
0 H (At)  ^ 
m ' 


implvlm'  l'?  ( >;\i  ) ' 0.  T)ie  rem.i  iiid*.M'  >d  t )u  st-qu'-iu  ••  is 


i'f  jO'\t)  / *‘7-  ),ikj,T ) i'*  i*A'* 


Wf  cori' ''titr.it*'  fit’:;'  ifi  tlic  tn.ii'  n.  , ml  pr.iv  that  n.  =0. 

^ d-l  d-i 

l.»‘t  ^ i.ij.  tx'  .1  rf'i’pe;  L*nt Ht  Lon  in  of  jt‘’n'*fat  r of 

i = 1 k 

!(.()■).  Tlicn,  .r;  in  '’.•■niark  5.1.6  V i.o.  must  inilude  all  thv  d-simi  1 

I i = l ^ ^ 

iri  >; . Consil'^f  y ■ 


whcrf  o (1 , »rc'  <11  those  0. 

i = l "1  ‘i  ‘1  N ‘ 


y a . 0 , 

)=i  M M 

in  j;V.  flow  has  non-zero  compontmts  exjctiy  on  all  the 

(d- 1 )-£..  impl  i!<?s  in  ( t\t  ) . P.kj,T  , since  canoe]  Jat  ions  occur  exu'tly  cti 

the  olf'tnents  not  in  (JiVx)  n (T.Hk_T).  Further  !)  , ,oD.(y)  = 0. 

L d-1  Cl 

Hence  represents  the  unique  generator  of  ^ ( (tV  ) . Hk^x  ) 

(since  Im  = 0).  But  ^(3(y))  = (0  ®)3(y)  wliich  is  0 in 


Lees 
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?(  (1\t)  'll  nee  it  II;  ill  In  3 . Therefore,  since  n,  , is  onto, 


iVj_,(£Vl  = »■ 


Till'-,  means,  however,  that  H.UV)  = 0,  since  if 


is  onto 


th'-n  U)  = 'L  in<1  hence  Ker  if  = 0 = H (I\t).  Therefore 
(i  u u 

H (EVt ) = 0 for  all  m,  and  hence  S\t  is  a homology  d-bali. 

Tin  orem  5 . . J : her  Z be  a homology  d-ball  or  d-sphere,  x a simplex 
in  T.  Tfien  i necessary  ind  sufficient  condition  for  T\x  to  be 
Ci'h"n-H.i  ml  iV  i ■ : 


3E,  X "*  ‘ 


• ’I.  I . if  (...•*)  1 sali-.tied  then  E\x  is  a tiomolugy  d-ball. 


' jI  ' 'n  1 , it 

1 . . .a  ) 1 

. a . L-  f 

I'  . ■ 1 

Ma.  ■ V-  • ■ 

l [.  ••  j 1 

i rr  ' . o' 

ir  1 t 

...  ♦ i i ( M \ I » . » k,  T ) fl  ( t . » k T » * H ( f.  k_,  ’ ) 

m ' m Ikj^iJ  m EV 

» (»k  o)  H UTV).tk  X)  • ... 

n E m-1 

noting  by  Umma  2.J.3  that  Ukj.o  )\x  = . By  the  same  arguments 

a:.  Tt.potem  b.2.y  we  have  H (Hk_,^o)  = 0 for  m * d-|o|-l,  d-|ol  , 

m \x 

and  the  remainder  of  the  sequence  is 


L 


'djiol  ■(, 


d.|„|_i«AE)-‘i<n^„E) 


First  suppose  that  o e 32  5 t £ Ik^a , and  t ^ 3(K,k^o).  Then 

H_,  I |(Hk^o)  = 0 and  H,  , , , ( (T\t  ) . S,k„,  ^t ) = 2 (Lemma  5.1.2). 

d-|CT|  2 d-|o|-l  ' 

Hence  we  have 


d-lol  'M- jo  1-1  (5)^  ) 


’d- b -1 


implvinv  f"? , , i = Z,  so  that  2 is  not  Cohen-Macauley . 

^ ' d-bi-i  r.\T 

On  the  oth''i'  luind,  svippose  ( 5 . . 4 ) is  satisfied.  For  any  o V-V 

w'  n-'ed  to  prove  that  K,k  . a has  the  homology  of  a ball  or  sphere, 

I\t 

ifid  t)ie  homology  of  a ball  if  o = 0. 

Ca:  " 1 ft  / li.k  (T ) ; We  have  Hk  . a = «,k  o and  hence  has  the  same 

c.  \*C  ^ 

))omoiogy . 

('ar.e  2 (o  / 32,  t . Vk^o.):  Wo  have  ikjjo  is  a homology  sphere, 

and  so  f>y  Theorem  5.2.2  is  a homology  ball. 

F.i-.e  3 (o  32,  T r dkj,a . ) : We  have  bv  (5.2.4)  t . 32kj,a,  and  so 

the  remaining  segment  of  the  Mayer-Vietoris  s'^'quenec  is 


0 Vd»l  » .(Ik  „)  '■‘‘-jd  0 0 

d- I o I ^ V 


'd-b  -i 
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implying  H . 


‘d-  I a I ' 1\t 

0 homology  everywhere. 


a)  = H 


d-  a -1 


(Jlk  . o)  = 0 and  so  Hk.,.  o has 


2\t 


IV 


Cases  2 and  3 imply  furthermore  that  Z\t  = S.kj,^_^0  is  itself  a 
homology  ball,  and  hence  the  theorem  is  proved. 


Notes : i)  Theorem  5.2.3  includes  Theorems  5.2.2  as  a special  case, 

since  if  I is  a d-sphere , then  3E  = 0 and  therefore  (5.2.4)  holds 
vacuously. 

2)  (5.2.4)  must  be  tested  for  o = 0,  which  amounts  to  requiring 
that  T e 3E  if  Z is  a ball. 

3)  An  equivalent  statement  of  (5.2.4)  as  used  in  Theorem  4.1.3,  is 


(5.2.5)  3E  n Jik^t  = 

since  r <-  5.k„o  iff  a t J-k^t , and  t e 3dk  n iff  Hk„,  t = Hk„,  a 
1 Z I Ik^a  tkj,T 

has  the  homology  of  a ball  iff  o e 3)lk^T,  so  that  (5.2.4)  is 

equivalent  to  3E  n 5k^t  5^  3dkj,T.  But  5.  always,  hence 

(5.2.4)  is  equivalent  to  3E  n li’kj.t  = 3l!,kj,T. 

We  are  now  in  a position  to  make  a fourth  definition  of  strong 
k-decomposabiJ ity , namely: 

Definition  4:  A homology  d-ball  or  d-sphere  Z is  strongly  k-decomposab le 

if  either  Z is  a d-simplex  or  there  is  a simplex  t in  E,  dim  t < k. 


so  that 
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1)  (5.2.4)  (or  (5.2.5))  holds 

2)  E\t  is  strongly  k-decomposable 

3)  strongly  k-decomposable. 

Corollary  5.2.6:  Definition  4 is  equivalent  to  Definitions  1-3  for 

homology  balls  and  spheres. 

Proof:  We  prove  Definition  4 equivalent  to  Definition  2. 

(^^):  Wr  need  only  prove  that  I\x  , homology  d-  and 

(d- I X I )-balls  or  spheres,  since  pure  dimensionality  follows.  But  this 

is  clear  from  Theorem  5.2.3  and  Remark  5.1.4. 

(<~):  Hei'e  we  need  only  prove  that  if  x is  a shedding  simplex  for 
(according  to  Definition  2)  then  (5.2.4)  is  satisfied.  It  is  true 
vacuously  tor  £ a homology  sphere,  since  then  3£  = 0 by  Remark  5.1.6. 
And  if  L'  is  a homology  ball,  violation  of  (5.2.4)  implies,  by 
Theorems  5.2.1  and  5.2.3,  that  £\x  is  not  Cohen-Macaulay , hence  not 
k-decomposable . 

5 . 3 Piecewise  Linear  Topology 

Any  set  Sc  |r'^  will  take  tiie  topology  induced  by  the  standar'd 
toiiology  in  . Two  sets  S and  T in  R^  are  homeomorphic  if 
there  exists  a continuous  bijection  f:  S ■+  T whose  inverse  is  also 

cont inuous . 

For  Z be  a simplicial  complex  on  E E = ^ ’ ■ ’ • ^ 
realization  of  £ is  the  set 
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K = conv{x  , . . . ,x.  } , 

a=v . . . . V . eS  1 

whet’f!  x^  are  points  in  for  some  m which  correspond  to  , 

i = 1 , . . . ,n,  in  such  a way  that  the  sets  ri(conv{x.  ,...,x.  }), 

^k 

0 - V.  ...  V.  0.  E,  are  disjoint.  The  sets  conv{x.  ,...,x.  } 
are  ceiiled  the  geometric  simplices  (or  just  simplices)  of  K. 
Realizations  exist  for  any  complex  ([26]  Theorem  2.3.16).  A 
subdivis ion  of  I is  any  simplicial  complex  I'  with  realization 
K'  = such  that  every  geometric  simplex  in  K'  is  contained  in 
some  geometric  simplex  in  K.  One  example  of  a subdivision  is  the 
stellar  subdivision  st(a,X)[E],  where  the  point  x corresponding  to 
a is  the  baiycentor  of  the  points  corresponding  to  the  vertices  in  X 
do  lined  by 

■'a'  Wvix 

1 

Finally,  two  simplicial  com])lexes  ^2  are  called  piecewise  linear 

(PL)  iiomeomorpiiic  or  comb inator ial ly  equivalent  if  there  exists  a single 
com()lex  E'  whiich  is  a subdivision  of  both  E^^  and  E^.  As  a result, 
for  realizations  of  E^^,  of  E^,  and  respective  realizations 

and  of  E'  in  and  , we  can  produce  a "piecewise 

1 ineaT'"  liomeomoi’phism  f:  ~ ” ^2  snapping  the  vertices  of 

into  their  respective  counterparts  in  and  extending  linearly  to 

the  simplices  of  and  K^.  Of  course,  simplicial  complexes  are 


90 


always  PL  homeomorph  .c  to  themselves,  and  hence  we  can  speak  of 
homeomorphic  or  PL-homeomorphic  complexes  and  subdivisions  independent 
of  a particular  realization. 

If  E is  PL  homeomorphic  to  the  d-simplex  then  E is  called  a 
PL  or  combinatorial  d-ball , and  if  E is  PL  homeomorphic  to  the 
boundary  of  a (d+1 )-simplex , then  E is  called  a PL  or  combinatorial 
d -sphere . 

Remarks : 

Any  two  homeomorphic  complexes  have  the  same  homology. 

Hence,  since  a geometric  d-simplex  (respectively  the  boundary  of  a 

d d 2 

d-s implex)  is  homeomorphic  to  the  d-ball  B ={xeR|^x.  <1} 

d d+1  ^ ^ ~ 

(I'esppctively  the  d-sphere  S = {xeR  |)^  x.  = l})  by  placing 

i ^ 

the,'  barycenter  of  the  simplex  at  the  origin  and  expanding  radially 
from  the  origin,  it  follows  (from  [26l  Examples  5.4.6,  5.3.2)  that  a 
PL  d-ball  or  d-sphere  is  a homology  d-ball  or  d-sp)iere. 

5.3.2:  The  boundary  of  a PL  d-ball  is  a PL  (d-l)-sphere,  since 
if  E'  is  a subdivision  of  E which  is  also  a subdivision  of  the 
d-simpiex,  then  3E'  induces  a subdivision  on  9E  which  is  also  a 
subdivision  of  the  boundary  of  the  d-simplex. 

5.3.3:  J.  Alexander  [1]  has  shown  that  two  complexes  are  PL- 

homeomorpfiic  if  and  only  if  one  can  be  obtained  from  the  other  by 
a series  of  stellar  subdivisions  and  inverse  stellar  subdivisions,  the 
latter  being  defined  by 

E'  = st"^(a,X)[E]  < +>  E = st(a,X)LE’l. 
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Hence  we  can  define  a PL  d-ball  or  d-sphere  to  be  any  complex  which  can 
be  obtained  from  a combinatorial  d-simplex  or  boundary  of  a combinatorial 
( d+1 )-s implex , by  a series  of  stellar  subdivisions  and  inverse  stellar 
subdivisions.  We  can  then  dispense  with  realizations  altogether,  and 
are  left  with  a purely  combinatorial  definition  of  PL  balls  and  spheres 
(though  it  by  no  means  provides  a finite  algorithm  for  determining  whether 
complexes  are  PL  balls  or  spheres). 

5.3.4:  For  d < 3 all  d-balls  and  d-spheres  (complexes  whose 

realizations  are  homeomorphic  to  or  S^)  are  PL  [28].  For 

d > 5 there  exist  d-spheres  and  d-balls  which  are  not  PL  [13,14]. 

For  d = 4 the  question  is  still  open. 

The  following  lemmas  and  theorems  in  PL  theory  will  be  needed  to 
prove  the  results  in  the  following  section;  and  are  stated  without 
proof.  They  are  referenced  to  the  corresponding  theorems  in  [19]. 

Theoi'em  5.3.5:  If  1^^,  PL-homeomorphic  complexes,  then 

tlK.'re  is  a complex  which  is  a subdivision  of  and  a stellar 

subdivision  of  E^-  (Coi'ollary  1.6) 

Lemma  5.3.6:  If  E is  a PL  d-ball  or  d-sphere  and  e is  a simplex  in 

E,  then  is  a PL  (d-|o|)-bali  or  (d- | a | )-sj  he.»’e  . (Corollary  1.16) 

Lemma  5.3.7:  If  Ej  is  a PL  p-hall,  and  is  a PL  q-ball  or  q-sphere, 

then  E,.E„  is  a PL  (p+q  + 1 )-balL . If  E,  is  a PL  p-sphere  and  E., 

J 2 L i 

is  a PL  q-sphero,  then  ^ ( p+q  + 1 )-sphere . (Lemma  1.1.3) 

Theorem  5.3.8:  If  E is  a PL  d-ball  contained  (as  a complex)  in 

some  PL  d-sphere  E^,  then  cl(E^\Ej^i  i:  a PL  d-bill.  (Theorem  1.26) 

L J 
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Theorem  5.3.9:  If  and  are  two  PL  d-balls  whose  intersection  is 

a PL  (d-l)-bali  contained  in  the  boundary  of  and  Z^,  then  u Z^ 

is  a PL  d-bali.  (Corollary  1.28) 

5 .4  PL  Properties  of  k- Decomposable  Complexes 

Theorem  5.4.1:  Eveiy  PL  ball  or  sphere  has  a subdivision  which  is  vertex 

decomposable . 

Proof : Let  Z be  a PL  d-ball  (d-sphere,  respectively).  By  Theorem  5.3.5 

there  exists  a subdivision  Z'  of  Z which  is  also  a stellar  subdivision 
of  the  d-simplex  (boundary  of  the  (d+l)-simplex,  respectively).  Now  the 
d-simplex  and  boundary  of  the  ( d+1 )-simplex  are  both  vertex  decomposable, 
and  by  Proposition  3.2.4  vertex  decomposition  is  preserved  under  stellar 
subdivisions.  Hence  Z'  is  a subdivision  of  Z which  is  vertex 
decompo.sable . 

Corollary  5.4.2:  Every  PL  ball  or  sphere  has  a subdivision  which  satisfies 

the  Hirr.ch  Conjecture. 

An  jnterestinp;  general  characteristic  of  vertex  decomposabi 1 ity  comes 
directly  from  Remark  5.3.3  and  Proposition  3.2.4  (and  can  be  extended  to 
k-decomposability  by  use  of  Appendix  1). 

Pi’oposition  5.4.3:  Let  Z be  a vertex  decomposable  complex,  and  C(Z) 

the  class  of  all  complexes  PL-homeomorphic  to  Z.  Then  C(Z)  is  a 
vertex  decomposable  class  iff  vertex  decomposabilitv  is  preserved  under 
inverse  stellar  subdivision  for  elements  in  the  class. 
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Wo  can  pi'ove  t'esults  similar  to  Theorems  S.2.1,  5.2.2,  5.2.3, 
and  5.2.6  about  removal  of  simplices  from  PL  balls  and  spheres.  We 
first  need  a lemma. 

Lemm^  5.4.4:  If  1 is  a PL  d-ball  and  v a vertex  not  in  1,  then 

1 u V.3E  is  a PL  d-sphere. 

Proof:  Lot  E'  be  a subdivision  of  E which  is  also  a subdivision  of 

the  d-simplex  a'^ . Then  it  is  clear  that  E'  u v.3E'  is  a subdivision 
of  E u V.3E  which  is  also  a subdivision  of  a'^  u v.3a'^  = 3A^'*^^. 

Hence  E u v.3E  is  a PL  d-sphere. 

Tiio  following  result  is  known  ([10]  Proposition  1.2)  but  we  give 
it  ijore  Ivcause  of  its  relevance  and  simplicity  of  proof.  Define  a 
il-d  imens  ion.tl  compl'X  to  be  a pseudo-manifold  if  every  (d-1  )-simplex 
in  E is  ('ont  lined  in  at  most  two  d-simplices  of  E.  (This  definition 
differs  sJ  Iglitly  from  that  in,  say,  [22]). 

Theorem  5.4.5:  A k-decornposable  d-dimenr.ional  pseudo-manifold  is  a 

PL  d-ball  or  d-spiiero. 

Proof:  Let  E l'<’  a d-dimensionaJ  k-deromposablc  pseudo-manifold.  We 

pr.o  r.od  by  induction  on  p(E)  = the  number  of  d-simplices  in  E. 

[f  p(E)  = I then  E is  a d-simplex,  .and  hence  .i  PL  d-ball.  If 
p(E)  > then  E h-i.c.  a shedding  simplex  E Lv  Def  inition  2.  We 

have  the  decomfio- i t ion  E = (E\t)  u (T.K.kj,t),  where  E\t  , t.l!,kj,T 
are  V -decomposable  pseu  io-manifolds , have  fewer  d-simplices  than  E, 
and  so  iv/  induction  -ire  PL  d-balls  or  d-spheres.  Purtiior,  since  E is 
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d d-climonsiondi  pseudo-manifold,  the  complex 

(S\t)  n (x.^k^T)  = (T\t).fckj,T  i 0 

is  in  the  boundary  of  both  Z\t  and  t.Jlkj,T.  Hence  E\t  and  T.S,kj,x 
are  in  fact  d-balls,  and  ilk  x = ilk—  , x is  consequently  either  a 
PL  (d-|xl)-ball  or  (d- | x | )-sphere  by  Lemma  5.3.6. 

Case  1 ^ (d-|  X I )-sphere) : We  have  (i\x).ilk^x  is  a PL 

(d-1 ''-sphere  (Lemma  5.3.7)  which  is  contained  in  the  PL  (d-l)-sphere 
a(E\x)  (Remark  5.3.2).  So  by  discussion  similar  to  that  of  Remark  5.1.6, 
3(l\x)  = (x\x).Hk^x.  Therefore  the  stellar  subdivision  of  I 

st(v,x)[P]  = J(\x  u V.  (x\x  ) .Lk^o 
= l\x  u v.9(l\x ) 


is  i PL  d-sphere  (Lemma  5.4.4),  hence  so  is  T. 

C<ise  2 (i?-kj,x  is  a PL  (d- | x | )-bal  1 ) ; We  have  (x\x).ilk^x  is  a PL 
(d-l)-ball  (Lemma  5.3.7).  Hence  by  Theorem  5.3.9,  Z - CZ\x ) u 
( (f\x  ).£kj,x  ) is  a PL  d-ball  . This  completes  the  proof. 

As  a result  of  the  proof,  we  see  that  a characterization  of  whf’ther 
sucli  a complex  'L  is  a ball  or  sphere  (providing  E is  not  a simplex) 
is  simuly  whether  some  (equivalently  any)  shedding  simplex  x has 
)lkj,x  a ball  or  sphere. 

Corollary  5.4.6:  The  dual  complex  of  a polyhedron  is  a PL  bail  or 

spin  re . 


J 
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Proof;  The  dual  cotuDlex  of  a polyhedron  is  shellable  = d-decomposabl- 
(Section  2.5),  and  is  a pseudo-manifold  since  every  edge  of  a polyliedron 
contains  at  most  two  vertices. 


We  now  give  the  result  corresponding  to  Theorems  5.2.2  and  5.2.3 
on  partial  decomposition  of  PL  balls  and  spheres. 

Theorem  5.4.7:  If  1 is  a PL  d-ball  or  d-sphere,  t L , then  I\t 

is  a PL  d-ball  iff  (5.2.4)  (or  (5 . 2 . 5 ))  holds  . 

Proof:  The  necessity  holds  from  Theorem  5.2.3  (since  I is  also  a homol- 

"PV  b.ilL  or  :'ph' ■!■  ■ ) • Furtlier,  if  T.  in  a PL  d-sphoi-o,  then  is 

a PL  d-ball  (Lemmas  5.3.6  and  5.3.7)  and  so  by  Theorem  5.3.9 

TV  = cl(T\r.<!'kj,T:  ) is  a PL  d-ball.  Hence  sufficiency  holds  for  PL 
spheres . 

Now  suppose  that  T is  a PL  d-ball  and  t satisfies  (5.2.4). 

Then  T u v.3T  is  a PL  d-sphere  (Lemma  5.4.4).  Consider  the  sub- 
complex  V.3T  u T.Uk^T. 
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We  have 

v.Si;  n T.iik^T  = 32;  n T.dk^T 
= T . 3!lk^T  , 

since,  for  vj.o  e p.o  c 3Z  implies  a e 32;,  which  in  turn 

impJies  a < 3<i;k^r  (since  (5.2.4)  holds  for  2;),  and  conversely 

p.o  i/  32;  implies  t.o('^  u-o)  / 32;,  which  means  that  {,k„,  a = Hk  (t  u a) 

ikj,T  2; 

has  the  homology  of  a sphere,  and  so  a s'  3S,k^T.  Now  by  Lemma  5.3.6, 

Lemma  5.3.7,  and  Remark  5.3.2  v.3S  and  T.^k^,!  are  PL  d-balls,  and 
T.3Hk,_t  is  a PL  (d-l)-ball  contained  in  the  boundary  of  each  (since 
Z is  a manifold).  So  (Theorem  5.3.9)  v.3Z  u T.Hkj^T  is  a PL  d-ball. 

We  are  now  in  a position  to  apply  Theorem  5.3.8.  Removing 
V.32;  u T.£kj,t  from  Z u v.3Z,  we  get 

cJ((Z  u v.3Z)\(v.3Z  u 7.  £kj,T))=  Z\t 

is  a PL  d-bali  , arid  this  completes  the  proof  of  the  theorem. 

To  end  Chapter  5,  we  give  an  interesting  application  of  Theorem  5.4.7 
(or'  inst  as  easily  Theorem  5.3.4)  to  shelling  of  spheres. 

Theorem  5.4.8:  Let  Z be  a d-sphere  (topological,  homology,  or  PL) 

and  o , . . . ,n  a shelling  of  the  d-simplices  of  Z,  then  o , . . . ,o 
i-  K k 1 

is  also  a shelling  of  Z. 
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Pi'oot: : RfCcjLl  o , . . . ,o  is  a shelling  of  E if  and  only  if 

— i-l  _ ^ ^ 

o . n ( u o.)  is  a [)ure  (d-1 )-dimensiondl  complex,  i = 2,...,k. 

^ j = L k 

We  prove  tiiat  o.  n ( u a.)  is  pure  (d-1  )-d imer sional , i = l,...,k-l. 
^ j=i+l  ^ 

By  Theort-'m  B.  "),  we  can  consider  the  shelling  a d-decompos ition  which 
removes  one  d-simplex  at  a time  (starting  with  o,  )■  Hence  by 

K • 

L 

Thoorcm  5.2.3  and  Theorem  5.4.7,  the  complex  Z.=(u  o.)  is  a 

PL  d-ball  for  i k-1  with  shedding  simplex  x.  so  that 
_ i-l  _ ^ 

E ,\r.  " c 1( E .\{o . } ) = ( u o . ) = E . , . Now  since  E is  a sphere  , 

i ' i 1 ' ' . 1 ] 1-1 

k _ 

E.  ti  ( u a.)  = BE..  But  since  x.  is  a shedding  simplex  for  E., 

1 1 or 

Condition  5.2.5  holds.  Hence  exactly  as  in  the  proof  of  Theorem  5.4.7 
we  have 


c)E.  n 0.  = 3E.  n T..llk  x. 
1 1 I 1 E 1 


= X.  .3)lk„  T . 

1 E.  1 


whicli  is  a I'L  (li-l)-ball  and  consequently  pure  ( d-1  )-dimensional . So 


n.  n(  u a.)=o.  o3E. 
1 ...  1 1 1 
t = i+l 


is  a pure  (d-1  )-d  imen.siona  I complex,  thus  completing  the  proof  of  the 
th'‘orem . 


Cor'iil  lary_  5 . 4^9 ; l(  ,ind  E,,  are  two  rheliable  d-halls  whose 

union  i '.  -i  d-sf'hc're  and  whom  irtersection  is  a sheliable  (d-1  l-syiher  ■ 


Clien  i. . u E,,  i^;  shell  aide. 
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Proo£;  We  have,  by  Lemma  5.4.4  that  u is  a d-sphere  for  v 

not  a vertex  in  Now  u v.3Z^  is  shellable  by  the  shelling 

order  of  T.^  followed  by  v . t . ,v . , where  is  a 

shelling  of  91^  = " ^2  ^ ^2'  Theorem  5.4.8,  the  reverse 

ordet'ing  i:;  also  a shelling  order.  But  by  substituting  for 

v.i  ,...,v.T,  tl>e  shelling  order  of  Z„,  we  produce  a shelling  of 
1 K ^ 


APPENDIX  1 


k-DECOMPOSITION  AND  STELLAR  SUBDIVISIONS 

Theorem  A1 : (Weak)  k-decomposability  is  preserved  under'  stellar  sub- 

divisions . 

Proof- : Let  T be  k-decomposable , X 0 a simplex  in  Z,  and  a 

the  additional  vertex.  We  have  |l|  ^2,  and  for  Z - a a simplex. 


st(a,X)[Z]  = (d\X)  u a.aX.ik-X 


= (a\X)  u a.3X.(o\X) 

= a.3X.(5V) 

which  is  (weakly)  k-decomposable  since  each  component  is  (weakly) 

.i,  ii  ■ I . L ,w  j r d bv  induction  on  ) .I  | ■ ?,  T.  not  a ■‘■ir,]  I".'-,, 

lUd  I ' : 1.  i b'-  I i ]'j' :d  i np  .-.imp.l'-x  for  Z,  dim  t ■ k,  so  that  Z\'  is 
^woikly)  K -d<:' f iirii  ■os,il)  If  ( uid  is  k-decomposable). 

<L. 

We  prove  the  following: 

A.  1 u X / Z impli(!s  1)  X)rz]^  * 

/)  :.t(a,X)fZ  1\t  = st(a,X)[Z\t]. 


B.  r ' PA^X  implies  X)LZ]^  ' st  (a  ,X ) [ Hk^t  ] , and 

i')  sC(a,X)LZ]\T  = st(a,X)LTVl. 
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C.  T u X t.  1,  X ^ T,  X n T ?!  0 imply  1)  X)[l]^  ” st  (a  ,X\t  )[  , 

X)[zJ\t^' ~ (X\t).£k^(X  u t),  and 
3)  nt(a,X)l  7JWi-(t\X)  = st(a,X)LS\Tl  (wIkt.'  we  define 
st(a,X)[l\x]  i I\i  for  X I X\t ) . 


D.  X c T implies  1)  X )[ e]^ ’ ^ ^ 

2)  st(a,X)[E]\a.  (t\X)  = st(a ,X ) [ E\t ] . 


3X.i!,k^T  and 


The  rip,ht  hand  sides  are  all  (weakly)  k-decomposable  by  induction  on  the 
number  of  simpiices  and  applications  of  Propositions  3.2.1  and  3.2.2 
(notinR  in  C and  D that  dim(  a . ( x\X ) )_<  k),  and  since  A,B,C,D, 
cover  all  case.;  for  x,  the  theorem  follows. 


A.  J ) ?,k  , = '(■k^vvt  (Lemma  2.3.1,  since  x i a.3X.^k  X) 

st(a,X)LEJ  E\X  E 

= Hk^x  (since  x u X / E) 


2)  si(a,X)[Ej\x  = L'(E\X)\x]  u a.3X.«,k^X  (Lemma  2.3.1,  since 


X i a.3X.8,k^X) 

= [(E\x)\X]  u a.3X.2,k^^^X  (Lemma  2.3.3  and  X u x / E ) 
= st(a,X)[E\x] 

'''.'■.t:(a.X)LEf  " " ^V.3X.ek^x" 

n (a.3X.{,k^X)) 

= (f.k,,c)\X  u ilk— 0 . Hk.  ,^0  . {.k„,  ,,x  (Lemma  2.3.2) 

E ' a 3X 

= ( Hk^x  )\X  u a.3X.)lk^(X  u x)  (Lemma  2.3.4) 
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= 0?.k^T)\X  u a.3X.£k„,  X (Lemma  2.3.4) 

I ^kj,T 

- nt(a  ,X  )[f,k^T  ] . 

2)  sUa,X)lr,  IV  = L(5;\X)\t.1  u [(a.3X.!lk^X)V  1 (Lemma  2.3.1,  since 

T e (L\X)  n (a.3X£k^X)) 

- (Z\tA^  ^ a.  ex.  [ ({.k^X)\T  ] (Lemma  2.3.3  and 

1 

Lemmma  2.3.2,  since  t ?'  a,  t ^ 3X)  I 

= (L\t)V  a.  3X.x,k^,  X (Lemma  2.3.3)  | 

V j 

- st(a,X)[E\-i  i- 

%t(a,X)[Ef  = ^ ^’^I.3X.£k^X^ 

T ((  (x\x)  n (I.ax.ek^x)) 

= ^^;\(XV)"  " " a)].[ekg^(T  n x)]. [ekj^j^^^(t\X)] 

(Lemma  2.3.5  and  Lemma  2.7.2) 

= [(5.kj,x)\(Ar)l  u a.3(X\(x  n X)).«,k^x  u X 
(Lemma  2.3.3  and  Lemma  4) 

= [(P,k^x  )\(X\x)J  u a.3(X\x).(ik^l^  ^X\t 

i, 

= st(a,X\x  )L('.kj,x  J. 
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2)  Ljt:(.i,X)L;:  l\r  = L(E\X)\t]  u L(a.8X.!lk^X)\T  J (Lemma  2.3.1i) 

= [(E\X)\t]  u a.  [3X\(t  n X)].£kj,X 
u a.3X.[(5,k^X)\(x\X)] 


^^t(a,X)[xf -^AX)  = ^ 2.3.1, 

a.(x\X)  i (Z\X)\t  and 
a.(T\X)  i a.3X.[(£k^X)\(T\X)]) 


{0}.SX\(t  n X).Zk^T  u X 


(X\T).Hk^T  u X 


3)  st(a,X)[I]\T  = [(Z\X)\t]  u a.(X\T).!lk^X  u a . 9X  . [ ( £k^X  )\(t\X  ) J 

( from  2 ) 


st(a,X)[XlV\a.(T\X)  =t(SV)\T]  u [ (a.  (X\t  ) .£k^X)\(a.  (t\X)  ) ] 

u a.3X.[(!lk^X)\(T\X)] 

(Lemma  2.3.1,  since  a.CT\X)  «'  (E\X)\t 
a.(i\X)  i a.3X.[(ek^X).(T\X)]) 

= L(?;\X)\t1  u [a.(X\f).[(P.kj,X)\(T\X)] 

■ (^f),P.k^,X.l  u a.3X.|  f ik^X)\(T\X)] 
(Lemma  2.3.2,  since  a.(x\X)  n X\t  = 0 
and  (a\a ) . (X\t  ) . Pk^X  = (>T\t  ) . S,k^X ) 


p 


D.  1 ) 


2) 
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- [(Z\X)\t]u  a.3X.[(5.kj.X)\(T\X)] 
(since  (^f)  .^kj.X  c (E\X  )\t  , 
a.  (^)  c a.ax) 

^(2\t)\x  u a.3X.«.k_.  X t X 

( by  Lemina  2.3.3,  Lemma  2.3.5) 

= < 

(X\a )\X  = X\t  t c X 

^ (since  Jlkj,X\{0}  = 0) 


= st(a,X)[Z\T]. 


.Nv  ni  (Lemma  2.3.2,  since 

ci  . oX  . joK^X 

a.(x\X)  i Z\X) 

(2,k-a).X,k  0.11k  (t\X)  (Lemma  2.3.2) 

3 o A ^ A 

{0}  .3X.P.K^X  u T 
dX  . dkj-T 


st(  i,X)[Zj\a.(T\X)  = (X\x)  U L(a.3X.P.kj.X)\d.(T\X)] 

(Lemma  2.3.1,  since  a.(t\x)  4 L\X1 


= (X\X)  u a.8X.[P.kj,X\(o\X)l  u SX.Pk^X 

(Lemma  2.3.2,  since  a.(i\X)  n X = 0 
(a\a).DX.Hkj.X  = 3X.ek^X) 


Q 


■ 
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X ( Lemma  2.3.3 


= (X\X)  u 3 ) 


and  9X.akj.X  c E\X) 


= (X\t)\X  u a.3X.!lk  . X (X  c t and 


Lemma  2.3.5] 


= st(a,X)[X\T] 


This  completes  the  proof. 


APPENDIX  2 


DIAMETERS  OF  GENERAL  SIMPLICIAL  COMPLEXES 


Lot  C(n,d)  be  the  class  of  (simplicially ) path  connected 
d-d Imensionai  complexes  on  n vertices.  We  present  upper  and  lower 
bounds  for  the  maximum  of  the  diameters  of  elements  in  C(n,d). 


Propos it  ion  A2 . 1 : The  diametei'  of  any  element  of  C(n,d)  is  at  most 

('!)/d. 


Prool : Let  1 be  an  element  of  C(n,d),  and  F:  a_,o,,...,o  a 

0 1 p 

shortest  simp.licial  oath  between  the  simplices  and  o . Notice 

' ‘ 'Op 

that  the  only  d-simplices  in  F which  intersect  in  a (d-l)-face  must 

bo  adjacent  in  tlie  orderir.t’,  otherwise  F would  not  be  a shortest  path 

from  to  (7  . So  the  number  of  (d-1  )-simplices  in  such  a complex 

Op  ' 

i':  fitl  times  the  iiumber  of  d-simplices  in  F minus  the  number  of 

(d-i)-r  impl ices  which  are  in  the  intersection  of  two  d-simpIices,  or 
(d-7l)p-p  = dp.  But  the  total  number  of  (d-1  )-simplices  in  F is  at 
m'>r;t  there for’C 


p 1 (*j)/d. 


Note:  The  ratio  of  (,)/d  to  th«  number  of  d-s imp  lines  in  F, 

d d+I 

is  tiiis  is  a slight  improvement  over  a straight  d-simpl(‘x 

count . 


Propos i t i on  A? . 2 : There  exists  a complex  E C(n,d-1)  whose  diameter 

i„  i|Ld/2j  ..  I \ 


Ln/ir 


([  ) -1-dSt  inleger), 
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Proof:  Let  V be  the  set  of  n vertices.  Divide  V into  Ld/2J 

groufjs  = {v|,...,v^  },  where  p.  = L2n/dJ,  i < Ld/2j, 


Proof : 

Let 

groups 

S. 

1 

Pid/2  1 

= n 

then  ^ L2n/dl.  Start  with  = {0},  and  suppose  by  induction 

that  r,  is  .i  shortest  simplicial  path  of  dimension  2k  between  the 

^ k 

^ k 

2k-simplices  on  the  vertex  set  u S.  with  Ln/dJ 

-1 

.’k-s  i/npiices , tor  0 ■'  i < Ld/2  J.  Denote  F,  the  reverse  path  from 

K 

to  Aq.  Define 


p ktl  k+1  ,,  . k+1  ktl  _-l  k+1  k+1  . ktl  ktl 

Fk-v^  ^2  "V^^2  '^3  " ^ •''3  "4  ^ 


,,  p k+1  k+1  ,, 

u F . V V u 
k 5 6 


if  2 divides  d or  i < Ld/2J  and 


„ „ k+I  k+1  k+1  , k+1  k+i  k+1  „-l  k+1  k+1  k+1 

I =1  .V  V V UA.V  V V Ul.V  V V 

k + 1 k 1 2 3 1'  2 3 4 k 3 4 

k+1  k+1  k+1  p k+1  k+1  k+i 
Ap.v  Vj-  V-  u F,  .V  v v,,  u . . . 

0456  k56/ 


if  2 does  not  divide  d and  i = Ld/2J.  Then  the  d-simplex  pair' 
which  intersect  at  a (d-1  )-simplex  are  precisely  those  adiacent  in 
th(?  ordering  given,  hence  f,  , is  a shortest  simplicirii  path 

K T X 

between  the  simpJices  A„.v,Vp(v_)  and  A . . ( v*^^ ' ) where 

0123  0 D . -2  p . -1  p . 

' L t t 


0 p.  (p^-1  respectively)  0 or  1 mod  4 


1 Pj^  (p^-1  respectively)  = 2 or  3 mod  4 
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Tlif"'  numuei'  of  ?k-s  i mp  1 ices  in 


r,  . is  at  least 


(ln/dj'^+1)  = Ln/dJ(Ln/dj’'tl) 


= Ln/dJ*^^^  + Ln/dJ  > Ln/dj'^^^+l 


and  so  for  T.  - ^ * Lf]/2  j ^ 


diam  Ji  ^ Ln/dJ 


Ld/2J 


An  •example  of  su'-h  a complex  tor  n - 14 , d = 7 is  given  in  Table  6. 
Its  diametcM-  is  15.  which  is  greater  ttidn  L14/7  = 8.  A more  careful 

aiiilvsis  of  LfiC  proof  of  Proposition  A2 . 2 shows  in  fact  that  diam  Z is 
at  least  [n/dj*^'''’^  + ( n/d  \ . + in/d}. 


APPENDIX  3 


FACE  DECOMPOSABILITY 


We  outline  in  this  appendix  the  dual  notion  of  k-decomposability , 
namely  "face  decomposability . " This  involves  the  removal  of  a face 
and  all  of  its  subfaces  from  a polyhedi'on  in  such  a way  that  the 
removed  faces  form  a "pure"  and  "face  decomposable"  set  and  the 
remaininf^  faces  also  form  a "pure"  and  "face  decomposable"  set. 

It.  turn.;  out  that  there  is  a class  of  convex  sets  whose  face  structures 
reflect  this  operation.  They  are  not  themselves  polyhedra,  but  what 
we  will  call  "generalized  polyhedi’a."  The  remainder  of  the  appendix 
wiLL  bo  st'et.t  making  precise  the  connection  between  generalized  polyhedra 
drill  k-decomposability.  We  reiterate  that  this  appendix  is  merely  a 
sketch,  and  hence-  the  lemmas  and  many  of  the  assertions,  all  of  an 
c l>mentai-y  nature,  witl  be  stated  without  proof. 


Dot  ini  lion  A3.1:  A generalized  polyliedron  is  any  set  of  the  form 

P ■ (x  I'^|Ax  a b},  where  A is  an  nrd  matrix,  b an  n-vector, 
and  (1  , The  base  polyhedron  for  P is  the  polyhedr’on 

(1  I ^ 

P - fx  !K  |Ax  < b).  (Note  t'nat  P depends  not  only  on  P,  but 
on  th>'  represent  i Lion  of  by  .A,  b,  and  a).  Given  any 

i f 1. , . . . ,n  I tor  which  a.  is  define  the  delet  ion  and  1 ink 

genet  iliv'.od  polyhedron,  respectively 


p'  ( i ) 


(x  I 


< 

Ax  n 


b t , 


a . 

1 


i / i 
< j = i 


ion 


i 
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P(i)-{x  -p,  Axa  b},  a. 

J 


a.  i ?!  i 
1 


3 = 1 


A ^’.eTier.il  Izcl  polyhedron  P is  clearly  a convex  set,  and  hence  has 
a wfli  defined  face  structure.  We  d<;fine  vertices,  edges,  and  diameters 
■|ust  as  In  Chapter  2.  P P likewise  generalized 

polyiiedra,  and  their  face  structure  is  related  to  that  of  P as 
f ol lows  : 


Lemma  A3.2:  Let  P,  P , P (i),  P'(i)  be  defined  as  above,  Then  for 

any  face  P ot  P,  P (i),  or  P (i),  F = the  toiiological  closure 

o 

o!  F is  a face  of  P.  Further,  if  F is  a face  of  P,  then 


F = for  Some  face 


in  PCi)  iff  F^P(i),  and  F = E2 


for  some  face  L^  in  P (i)  iff  F £ P (i). 


'i’hroLghont  this  appendix,  we  will  always  take  the  base  polyhedron 


P to  ut‘  a simple  u-polyhedron . Hence  we  can  define  the  dual  complex 

1“  to  P exactly  as  we  did  for  simple  polyhedra , that  is,  for 

t,,...,f  the  facets  ( (d-1  )-faces ) of  P,  L'"  is  defined  on  set 

1 m f 

P ^ . . ,v^^}  by 


L"  = { V . . . . V . I f . n ...  n f.  is  a non-empty  face  of  P}, 
^k  ^1 


Tnet.  }■  is  a sim['jiciai  compl'‘x,  since  if  i.  intersect 

‘"1 

in  1 face  of  P,  th^n  any  subcolle.:tion  of  f.  ,...,f.  also 


Ill 


iuti'T'sect  iij  a tace  of  P.  Further,  any  face  of  P can  be  represented 
an  the  inter'section  of  those  facets  containing  that  face.  With  the 
ht.'lp  of  Lemma  A3. 2 we  have 


Lemma  A3._3:  T,et  P,  f.,  and  Pp  be  defined  as  above,  and 

i I"!,...,:!}  be  chosen  so  that  is  ^ and  tlie  hyperplane 

lx|^A.,x>  = b}  intersects  P in  a non-empty  face  F.  Let 

F = f . n . . . n f . . Then 
1 , 1, 


i) 


( i ) 


. V . , and 


2)  P _ - J,k  _ V . . . . V . . 

P^i)  Pp 

Wo  now  have  convex  sets  whose  face  structures  correspond  exactly  to 
il'  lotion  and  link  in  the  diial  simplicial  complexes,  and  hence  are  in  a 
positioii  to  define  the  properties  of  generalized  polyhedron  which 
■•orre.spon<l  to  a K-decomposition  of  the  dual  complexes.  We  will  use 
ijf'tinition  3,  and  so  to  complete  the  connection,  wo  need  to  define 
the  rropfr'tjes  dual  to  tlie  initial  and  dimensionality  conditions  in 
iH’linition  3. 


Lemma  A3. 4:  Let  P,  p'^(i),  P"(i),  F = f.  n ...  n f.  be  defined  as 

in  Ijcmma  A3. 3.  Then 

1)  Pp  1:  I ( J- L )-simi  lex  iff  every  facet  (equivalently,  every 


fare)  of  p 


'■ontdins  the  ".ame  vertex 
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2)  y." ^ and  r,“_  are  (d-1  )-dimensional  and  (d-k-1)- 

F ( i ) P“(i) 

d i.tnens ion  il , I’osj'ectively  , iff  they  contain  at  least  one  vertex. 

Now  keef'inr,  Lemma  A3. 3 and  Lemma  A3. 4 in  mind,  we  define  the  concept 
of  face  docomposability : 

l)ct  ini  f ioti  A3. 3 : A penoT-alized  polyhedron  P is  face  decomposable 

it  either  every  facet  (equivalently,  every  face)  of  P contains  the 
same  vertex,  or  there  exists  an  i e {l,...,n},  with  being  < 

and  the  face  F = P n {x|(A^,x)  = b.}  being  non-empty,  such  that 

1)  P (1)  contains  a vertex  and  is  face  deccmposable , and 

2)  P (i)  CTiitiiins  a vertex  and  is  face  decomposable. 

P L.,  c.afled  k- 1 ace  decomposable  if,  in  addi.tion,  dim  F > k and 
P (i)  are  both  k-face  decomposable. 

We  liave  the  immediate  corollary  to  Lemma  A3. 3 and  Lemma  A3. 4; 

Proposition  A3. 5:  If  P is  k-face  decomposable  then  Fp  is 

( d-k- L )-decomposable . 

Furtfier  if  it  should  happen  tliat  every  face  of  P of  dimension  at 
least  k is  supported  by  a hyper[!fane  corresponding  to  a row  of  Ax  < b, 
then  the  implication  in  Proposition  A3. 6 is  actually  an  equivalence. 

The  special  case  corresponding  to  vertex  decomposabil ity  can  be 


derived  from  the  above  statements  as  follows,  noting  that  an  essential 
inequ.tlity  to  the  base  polyhedron  corresponds  to  a faect  of  i he 
generalized  po  Lyliedron . 
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Pr'opofj  It  ion  A3. 6:  Let  F be  a generalized  polyhedron  such  that  each 

row  of  the  inequality  Ax  ^ b is  essential  to  the  definition  of  the 
o 

base  polyhedron  P.  Then  P is  face  decomposable  iff  Sp  is 
vertex  iocomposable . 

Coroll.ii'y  A3. 7:  If  P as  defined  in  Proposition  A3. 7 is  face 

decompostible , ttien  P satisfies  the  HIrsch  Conjecture  (for  polyhedra). 

We  end  this  section  with  the  dual  notion  to  weak  k-decomposability , 

w 

namely  "weak  face  decomposabllit)' . " We  will  use  definition  2 , and 
hence  need  to  establish  the  dual  condition  to  pure  (d-l)-dimensional ity . 

Lemma  A3._8:  Let  P be  a generalized  polyhedron  with  a simple 

J-dImr-nsional  base  polyhedron.  Then  I"  is  pure  (d-1  )-dimensional 
i‘l  '■'•/ei'Y  facet  ol  P contains  at  least  one  vertex. 

Tiie  def initioti  of  wcok  face  decomposability  is  accordingly; 

Pe  fin  it  ion  A3. 3;  A generalized  polyhedron  P is  weakly  face  decom]-H  rible 
it  either’  evorv  facet  (equivalently,  face)  of  P contains  the  same 
vei'tex,  or  there  exists  an  i r {l,...,n},  with  being  ^ and 

the  face  F = F n {x|{A^,x)  = b.}  being  non-empty,  such  that  ( i ) 
has  <’acti  of  its  facets  containing  a vertex  and  P (i)  is  weakly  lie 
decomposable.  P is  called  weakly  k-face  decomposable  if,  in  addition, 
dim  F > k and  p”^  ( i ) is  weakly  k-lace  decomposable . 


It  follows; 
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Proposition  A3. 9:  Tf  P is  weakly  k-face  decomposable,  then  Ip  is 

weakly  (d-k-i  )-decomposable . 

A)’ain,  if  it  should  happen  that  every  face  of  P of  dimension  at 
Least  k is  supported  by  a row  of  Ax  < b , then  the  implication  is 
aotuaJ Ly  an  equivalence. 

Finally,  as  in  Corollary  3.4.4; 

Corollary  A3. 3:  (Weakly)  k-face  decomposable  generalized  polyhedra 

iiave  (polyhedral)  diameter  bounded  above  by  a polynomial  in  n of 
de'gree  d-k . 


n 


APPENDIX  4 


RHELLABILITY  AND  RELIABILITY  OF  BOOLEAN  SYSTEMS 

Let  f Le  a monotone  Boolean  f unct  ion , i.e.,  a furiction  map[>inp 
nub.neta  of  the  set  L = n}  into  {0,1]  which  has  the  property 

th.it  for  each  pair  S,T  of  subsets  of  E with  ScT,  f(S)  = i 
Implies  that  f(T)  = 1.  Suppose  further  that  p = (pj^,...,p^)  is  an 
assifament  of  ;;robabil ities  to  the  set  E so  that  each  element  i f^as 
i ndcpen  l-'iit  firobdbility  of  appearing  in  a subset  of  E.  Call  the 

p-aii-  <'.;))  1 Boolean  system.  We  are  concerned  with  calculating  the 
pr-.b.iblj  : ty  l’(f,p)  that  f will  take  on  tiie  value  1 over  all 
sub-i.t.  >:  E.  Som''-  examples; 

I,’.'.:  : ' t . 1 ; Let  S ije  a connected  graph,  E tlie  edges  of  G,  and 

f fhe  Innctio:.  wliicii  takes  on  the  value  1 on  Sop  whenever  S 
contains  .i  spanning  tree.  Then  P(f.p)  is  the  probability  that  each 
pair  of  ver'tice.s  G vin  be  conn.'Ctcd  by  a path  of  "operative"  edges, 
g.ive.i  indf'pondent  probabi  1 i ties  p.  of  edge  i being  "operative," 
i - 1 , . . . ,n. 

Example  A4 . 2 : Let  Q = {x  . C<^|Ax  = b]  be  a polyhedron,  E = {l,...,d}, 
iri'l  f tlie  1 unction  which  takr-s  on  the  value  1 on  S <=  E whenever 
ther-r  exists  a point  in  Q whose  only  non-zero  components  are  in  S. 

Th<n  r(f,p)  is  tile  probability  th  it  the  system  Ax  = b , x ^ 0 


has  a solution,  given  independent  protiabilities  p^  of  component  i 

!)<•  ? iiL."  n.  ->n-*7*  ■r‘C'i  . i z i . . . . .rl  . 
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example  A4  ■ 3 : Let  E = n},  ;>  0 the  "weight"  given  to 

eae.h  "player"  i in  L,  q the  "quota",  and  f the  function  which 

takes  on  the  value  1 on  S E whenever  w.  ^ q.  Then  P(f,p) 

LS  ^ 

is  the  pi'obability  that  a "motion"  will  pass  given  the  independent 
likelihood  p.  that  player  i will  vote  for  the  motion. 

Calculation  ol  P(f,p)  is  rather  tedious.  The  straightforward 
expression  for  this  number  is 

P(f,p)  = I f(S)  n p.  n (1-p.) 

S^E  icS  ^ i^S  ^ 

which  has  2'*  terms.  Ball  [4]  rias  simplified  this  expression  considerably, 
using  the  nation  of  an  "elementary  paj’tition".  Consider  the  set 
!'  = f E|  f(S ) = I I . An  elementary  partition  of  P is  a partition 
of  the  inemberr.  of  F into  sets  of  the  form  (t,a)  = {S(t  5_  S ^ a} 
wiiere  t c o and  are  members  of  F.  (Note  that  t c F implies  that 
evry  S containing  i must  also  be  in  F,  and  so  (t  ,o ) F . ) At 
leas!  one  elementary  partition  of  F always  exists,  namely  that  which 
liar,  r = 0 an-i  o running  through  all  of  the  members  of  F.  Now 
givn  an  elementary  partition  (t  ^ ,n  ^ ) , . . . ,(x^,o^)  of  F we  simpdy 
oii'torve  that 


r 
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1 - P(f,}.)  = Pi'{S  !') 

m 

= y Pr{S  ' (t  . ,0  . )1 
m 

= y Pr{  i c S for  each  i e t.  and  i ^ S for  each  i ^ o.} 

i.i  ^ ^ 

ni 

- I n p n (i-p  ) 

)-l  ieT . i/a  . 

3 3 

and  this  expression  has  m terms,  where  m is  the  number  of  sets  in  the 

partition.  It  is  clear  that  m is  at  least  the  number  of  minimal 

members  of  I',  and  hence  the  number  of  terms  in  the  above  expression 

can  bo  minimized  if  we  could  find  an  elementary  partition 

( 1 . ,0  , \ - . . , ( T ,0  ) where  are  exactly  the  minimal  members 

J J mm  1 m 

of  ]' . 

It  turns  out  to  be  easier,  for  our  purposes,  to  consider  the 

complementary  collection  I - {E\sjs  , P } . Z is  a simplicial  complex 

(except  foi'  the  case  f H 1),  since  E\S  t S and  ,E\T  c E\S  imply  that 

E\r  Z.  Purthei’,  if  ( t ,o  ^ (t^  ,o^)  is  an  elementary  partition 

of  Z,  then  (E\o,  , E\t, ) , . . . ,(E\o  , E\t  ) is  an  elementary  partition 
11  m m 

oj'  r,  and  if  are  maximal  simplices  in  Z,  then 

[;\a  , , . . . ,E\o  are  minimal  elements  of  1’.  Call  such  a partition  of  Z 

1 ‘ m 

( tfiement  ir’v  ) partition  and  call  Z full  partitionable . 

We  pro.sent  here  ,i  larr,o  and  Interesting  class  of  full  piart it ionab le 
comp lexes . 

rie!  I n i t ion  A4 . 4 : A (not  necessarily  pure)  simplicial  complex  Z is 

shel  lible  it  the  piaxinial  .simplices  of  Z can  be  ordei'od 


L 


4 


'M 

r 


r 

I 

f 


[ 

f 
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so  that , lor  i > 
t:omn  lex . 


o . 

1 


i-i 


( u a . ) 
j = l ' 


is  a pure  ( j o ,.  | -2  )-dimensional 


Note  that  this  is  a generalization  of  the  definition  of  sheliable 
given  in  Section  2.5. 

Tlieorem  A4 . 5 : Sheliable  complexes  are  full  partit  ionable . 

Proof:  Let  I be  sheliable,  with  shelling  order  o,,...,o  • For 

1 m 

i = 1 , . . . ,m  define 


X,  = u { 


_ _ 

o-Vily  a ( I o . 1 -2  )-simDlex  in  a.  n ( u o. 
-L  ' ' ' J. ' 1 . , 1 

] = 1 


)} 


(.so  th.'it  - 0).  Then  hence  are  both  simplices  in  Z. 

Further,  p e (t.,o.)  iff  pea.  and  p contains  a.\u  for  each 
11  — 1 1 ' 

i-1  _ 

• |o.  l-2)-simplex  y in  o.  n ( u a.)  iff  p is  contained  in  o.  but 

in  no  n.  j < I.  But  tiiis  means  that  (t,  ,o,  ) , . . . ,(x  ,o  ) partition 
) 11mm 

the  .iimplices  of  Z,  and  hence  Z is  full  part  it ionable . 


Notice  tliat  if  Z is  pure  dimensional,  then  the  t^  chosen  in  the 
proof  of  Theorem  A4.5  are  precisely  the  shedding  simplices  for  a d- 
(|r<;omposit  ion  of  Z as  chosen  in  Theorem  .3.3. 

CVirollary  A4.b:  Independent  sets  of  matroids,  broken  cir  cuit  rc)nipl''Xe'- , 

dual  complexes  to  simple  polyhedra,  and  distributive  lattice  complexes 
ar’o  full  parti  t ionable  . 
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in  ptH'l  Lcular , Exnnip'les  A4.]  and  A4.2  ( i'or  simple  polyhedra) 
di-n  lull  par’t.  i t ionab  1 e , since  the  1 associated  with  A4 . 1 is  the 
■lu.il  maii'oid  of  the  polygon  matroid  in  tlic  graph  (')  (see  [37j  §2.2) 
iiid  Lite  1 associated  with  A4.2  is  the  dual  complex  to  the  polyhedron. 


Fropos  J cion  A4 . 7 : Lot  w,  ^ Wj  •••  ^ ^ non-negative  numbers, 

and  cie<  ine  the  siniplicial  oompi'  x 1 on  set  E = {v^,...,v^}  by 


>'.  = ( V . . . . V . 

^■1 


k 

; w . < r } . 

1,  . , 1.  — 

X l=i  ] 


I'l.all 


ir  -sholiabb,'. 


I^n  '•*  : -bet  t'l  , . . . ,(t^  be.  a lexicographic  ordering  of  the  maximal 

iiui  1 i'-'x,  of  1,  tiiat  is,  a.  = v.  ,...,v.  , i < ...  < i , comes 

Ip 

o.  = v.  ...V.  , j,  if  and  only  if 

.)  -q 

i = i ,...,i  - i,.,  i-i,  1 K 1 some  k.  Note  that  this  is  well 

LX  K R+X  Rxi 

defined,  ..ince  the  non-existence  of  eitlier  i,  , or  i,  , implies  that 

k+1  k+1  ^ 

oiu-  of-  o.  . a.  is  contained  in  the  other,  and  it  can  easily  be  checked 
i ' J 

that  tlte  ordering  is  transitive.  We  prove  tiiat  o ,...,o  is  a 

rti  1 


d_ 


I 

< i 


and  o . = V . . . . v . 

i ]|  J 


= 1 


a 

ma.ximal  clement 

oi 

a . n ( u t! . 

^ i = i-)-l  ^ 

• » 

so  that  if 

0.  = 
i 

V . . 

. . V . , 

1 

T> 

q 

i,  < ••.  < 

then 

f 

for  some 

ktl 

Thus  V. 

1 

k+1 

T . 

Sup^'OS».^  n 

V+l 

Cons  i 'let' 

the 

Jt  * 

1 u {v. 

j 

W'-  ildve 


tt)’ ii  o'  is  I m.^xi-n-jl  eiomont  In  Z,  since  dny''element  , t ^ ’ 

‘i  is  at  I'Mst  u;;  larp'  as  any  v , t > Further,  a.  comes 

L L Kt  J.  1 


n.-fi"’".'  o'  in  t!.  ■ lexicographic  ordering,  since 


o'  --  V V V < ...  . i^  < < ...,  with  > i^^^. 

1 K 1 t-  i 

So  we  have  a c<jritrad ict i on  between  o.  n o'  ">  t u {v.  } and  t being 


a niaximl  Sini',  iex  in  a.  n ( u o.).  Tiierefore  no  such  i exists. 

1 ...  1 s 

1 = 1+1 

a.nP  r;o  |t|  = |o.|-l,  proving  that  a^,...,o^  is  a shelling. 


Corollary  A‘i . 7 : Ttie  complex  defined  in  Proposition  A4  . b is  full  parti- 

t ionabl'- . 

in  partieuiai',  the  complex  corr-esponding  to  Lxamiile  A4 . 3 is  tail  ■ 

i 

part  i t ■ <-.nabl a , sIik  o tiie  corresyi.'nd  ing  L is  of  the  form  describe.;  in  | 

. V * 

Proposition  A4.7,  with  n = i / w.)-q.  | 
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